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Array Dividers

Sequential Dividers Revisited

SRT Non-Restoring Fractional Division
Sequential Dividers with Carry-Save Adders
High-Radix Sequential Dividers
Multiply-Divide Unit




Required Reading

* B. Parhami, Computer Arithmetic: Algorithms and
Hardware Design
o Chapter 14, High-Radix Dividers
o Chapter 15, Variations in Dividers

* Note errata at:
* http://www.ece.ucsb.edu/~parhami/text_comp_arit.htm#errors

Fast Dividers
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Classification of Dividers
_—

/ ™
Sequential Array
_— — Dividers
Radix-2 High-radix

A

Restoring
Non-restoring
e regular
* SRT
* using carry save adders
* SRT using carry save adders

Dividers
by Convergenc

e

Array Dividers
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Sequential Fractional Division Basic Equations
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S(D =2 éj_l) - q-j dfrac

S(k) = 2k
K frac Sfrac /

Restoring Unsigned Fractional Division

s N

for j=1tok
if 2d-D)-d>0




Restoring Array Divider
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Fig. 15.7 Restoring array
divider composed of
controlled subtractor cells.
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Dividend z=.2 2 2.3 223 _4 _g5_g
Divisor d=.ddd_; _,_3
Quotient g=.9 q qq1_ 9.3
Remainders=.0 0 0 s 5455 _¢

Non-Restoring Unsigned Fractional Division

st = z-d
for j=0to k-1
if siU>0
q'J — .
s =2d-d
else
q;= 0
s =24+ d
end for
if skD>0
q=1
else
\ q,=0 /




Non-Restoring Array Divider
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\4;_ i * $ Fig. 15.8 Nonrestoring
1y

i i i i < array divider built of controlled
P $\.<= $\-O= $\. - add/subtract cells.
rl“ T i1] Similarity to
L V“_' S g gy m— 7 s array multiplier
. $ ‘ v is deceiving
chifee AN P AN P AN PN
| path 4 < \IA‘J
A NVANANAN
— e e o 13
\ cel 4
q_
= Yy v vy
S35 45 55 _¢
4—— FA —=<— Dividend z=2.z 242 3 2,23 _4 _5_¢
Divisor d=d.d d(§j717273
* Quotient =9.9 Gy _» _3

Remainders=0.0 0 s s35 5 5 _¢

Sequential Dividers
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Sequential Fractional Division Basic Equations

a CEPE

rac

S(D =2 éj_l) - q-j dfrac

S(k) = 2k
K frac Sfrac /

Non-Restoring Fractional Division

e ~

for j=1tok
if 2dD>0
q-j.: 1 .
sih=24d1-d
else
q;= -1
S(j) =2 éj'l) +d
end for

& correction step /




Integer Division Correction Step

z=qd+s

z=(g-1) d + (s+d) z=(q+1) d + (s-d)
z=qd+¢s z=q'd+s”

Fractional Division Correction Step

Zfrac = qfrac dfrac + S‘frac

— k -k
Zfrac - (erac_2 ) dfrac + (Sfrac+dfrac2 )
Zfrac =q frac dfrac +S frac

— K K
Ziac = (qfrac+2 ) dfrac + (Sfrac_ dfrac2 )
Zfrac =q frac dfrac +S frac




Partial Remainder in Radix-2 Non-Restoring

Division

boooos

sl) = 2g(-1) — a d

with s©@ =z
sk = 2kg
q—j D {_11 1}

Fig. 14.3 The new partial remainder, s, as a function of the shifted

old partial remainder, 2s0-1, in radix-2 nonrestoring division.

Partial Reminder with g, in {-1,0,1)

sl) = 2g(-1) — a d

2d

2s

with s@=z
) = Dkg
q—j D {_11 Oy 1}

(-1)

Fig. 14.4 The new partial remainder, s, as a function of the shifted

old partial remainder, 2s¢=9, with g ;in {-1, 0, 1}.




Non-Restoring Fractional Division with Shifting

Over Zeros

>

0=z
for j=1tok
if 2dY>d
q; = 1
sh=2d"1-d
elseif 29 < -d
q; = -1
h=2d"1+d
else
q; = 0
) =2 4
end for
correction step

=

SRT Non-Restoring Fractional

Dividers
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SRT Non-Restoring Fractional Division
Assumptions

d>1/2 (positive, bit-normalized divider)
-d<-1/2< z, 9 < 1/2<d

If the latter condition not true:
z=2z2>>1

perform k+1 instead of k steps of the algorithn
g=0g<<1 ands=s<<1
z’=z/2 and z’=¢g’-d + S’
g L
z=22=(2q)-d+2s=q-d+s
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New and Old Partial Remainders in SRT Division

We use the comparison constants —¥2 and %2 for quotient digit selection
2s 2 +¥2means 2s = (O.lxxxxxxxx)z,s_compl
2s < -2means 2s = (1.Oxxxxxxxx)2,s_compl

s _ s = 2569 — g d
d : with s©@=z
E 4= sk = 2ks
1/2 s [0 [Y5, %)
q,0{41,0,1}
— o + 2s
12
&=1 |/ .

Fig. 14.5 The rélationship betweeh new and old partial remainders
in radix-2 SRT division.

22




SRT Non-Restoring Fractional Division

a

N

0=z
for j=1tok
if 2dr)>1/2
q; = 1
sh=2d"1-d
elseif 29 < -1/2
q; = -1
h=2d"1+d
else
q; = 0
) = 2 )
end for
correction steps

=

23

SRT Partial Remainder

SRT algorithm (Sweeney, Robertson, Tocher)
2s0-1) = +1/2 = (0.1)

2si-Y < —1/2=(1.1)

2’s-compl

2’s-compl

== 25(]_1) = (1 .Ou_2u_3 s )

2's-compl

2’s-compl
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Skipping by Shifting

Skipping over identical leading bits by shifting

si-1) = 0.0000110 - - . Shift left by 4 bits and subtract;
append g with000 1
si=1=1.1110100 . - . Shift left by 3 bits and add:;

append q with 0 01

Average skipping distance in variable-shift SRT division:
2.67 bits (obtained by statistical analysis)

25

SRT Algorithm Observations

We use the comparison constants —¥2 and %2 for quotient digit selection
For2s>+Y%or 2s = (O.lxxxxxxxx)z,s_compl choose g ;=1
For 2s< Y or 2s = (1.Oxxxxxxxx)2,s_compl choose g ="1

Choose g = 0 in other cases, that is, for:
O0<2s<+%or2s= (0.0xxxxxxxx)z,s_compl
—Y2<2s<0o0r2s= (1.1xxxxxxxx)2,s_comlDI

Observation: What happens when the magnitude of 2s is fairly small?

2s = (0.00001XXXX) 55 compi Choosing q_; = 0 would lead to the
same condition in the next step;
generate 5 quotient digits0 000 1

2s = (1.1110XXXXX) 5 compl Generate 4 quotient digits 0 0 071

Use leading Os or leading 1s detection circuit to determine how many
quotient digits can be spewed out at once
Statistically, the average skipping distance will be 2.67 bits
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Unsigned Radix-2 SRT Division

z
d
—d

s(0)
2s(0)
+(=d)

s@)
2s®)

s =2s@)
2s@

s@)=2s@)
250
+d

s@)
+d

s@)
S

q
q

ODOO0OO0O |OFR |OFrRO |PR|PFP|POO | |F,O

0101

Example Unsigned Radix-2 SRT Division

2%, sosetq_; =1
and subtract

In[-Y%, %2), so set q_, = 0

In[-Y%, %2), so set q_, = 0

<-%,sosetq,="1 Fig. 14.6

and add Example of

Negative, unsigned

so add to correct radix-2 SRT
division.

Uncorrected BSD quotient
Convert-and-subtract-ulp

Sequential Dividers with Carry-Save

Adders
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Partial Remainder in Stored Carry Form

avi | Sntet
| Carryv |
| Divisor d | : 2s
| : Sum u |
L :
NonO L
0 Mhix % {enable)} gelect +ulp for
_S:ié;\“.:" q-j 2’'s compl
(selecty \ _
0,d,ord’ I} ¥
Carry-save adder
Carry Sum
Fig. 14.8 Block diagram of a v K k

radix-2 divider with partial
remainder in stored-carry form.
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Using Carry Save Adders with Dividers

SUM = U= WU ULUgU,. ..U,

carry =V =\Vy.V.1VoV 3V 4....V

t= UUp U U, + VoV Vs,

. u +v-1=00.00yu,....u, + - 1
U= 00.00V,V.....V,y >
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Using Carry-Save Adders with the Dividers

1
2 0 t
| |
1 \ 1 \
t< ) "5 st< 0 t=0
1
u+v<0 T SuUtv<— u+v=0
q;=-1 q;=0 q;=1
Sum and Carry
Sum partof 2s0-: U = (UgUp U_4U_p )2 compl

Carry part of 2s071: v = (v4vg .V_V_5 -+ “)os compl
t =U_oq+ V24 {Addthe 4 MSBs of u and v}

ift<—1/2

then qj=-1

elseift=0
then q =1
else q;=0
endif

endif
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Constant Thresholds Used for Quotient Digit

Selection in Radix-2 Division with i in {-1,0, 1}

i T o v
Querlap S_” Overlap ! .
d Fig. 14.7
a;= a;=
(-1)
—2d Zd d 2a >
q_] =
—d
-1/2 0
Choose -1 ' Choose 0 Choose 1

Sum part of 2s8¢D: U= (UUg . U4U, -+ ) compl
Carry part of 2s0-: v = (V;Vp . V41V - - )26 compl

Approximation to the partial remainder:
t = Uyt Vo {Addthe 4 MSBs of u and v}

U= U+ Vo

if t< -1

thenq,;=-1

elseift>0
thenqg =1
elseq;=0
endif

endif

Max error in
approximation

<Va+VYp=1,

Error in [0, ¥%2)

p-d Plot for Radix-2 Division

; ; 2d
Infeasible region
01.1 (p cannot be > 2d)
01.0
p
00.1
A Worst-case error Chooge 1
margin in comparison i
00.0 A min
100 101 110 111 1] max
111 Choose 0
-00.1 +
H
11.0 Choose —;
-01.0
10.1 . .
-01.1 Infeasible region
(p cannot be < -2d) _od
100 | .
min

Fig. 14.10 A p-d plot for radix-2 division with d [I[1/2,1),
partial remainder in [-d, d), and quotient digits in [-1, 1].




High-Radix Sequential Dividers
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Radix-4 Division in Dot Notation

e & & @ q

deoeoos I_;';_;';"';_;'; ;
90U U0 _(q3q2)twod4l
e & @ 0

600 _(Cz{lqo)twod4

¢« o o 0 =]
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New Versus Shifted Old Partial Remainder in Radix-
4 Division

Radix-4 fractional division with left shifts and q_; [ [-3, 3]

sO = 4s —q,d with s@=z and sM=4ks
|-shift-|
|—subtract—| N0)
ATV T
(-1)
44 13 4s
=0

Fig. 14.11 New versus shifted old partial remainder
in radix-4 division with g_; in [-3, 3].

Two difficulties:
How do you choose from among the 7 possible values for q_;?
If the choice is +3 or =3, how do you form 3d?
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p-d Plot for Radix-4 SRT Division with Digit Set [-
3,3]

4d
111 . .
Infeasible region
(p cannot be = 4d)
11.0
3d
10.1
Chotie 8
10.0
2d
il Choose 2
01.0 *
d
001 Choose 1 *
000 Choose 0
.100 101 110 111 d

Fig. 14.12 A p-d plot for radix-4 SRT division

with quotient digit set [-3, 3]. “




Radix-4 SRT Divider with the Digit Set
{'25 '15 05 15 2}

Radix-4 fractional division with left shifts and q_; [ [-2, 2]

sO = 4s —q,d with s@=z and sM=4ks
|-shift-| _
|—subtract—| s0)
2d/3 2/i_ 92 —1 0 + 32 +
-4d é_d
~283 Z8d/3 = 8a/3

Fig. 14.13 New versus shifted old partial remainder
in radix-4 division with q_; in [-2, 2].

For this restriction to be feasible, we must have:
s O [-hd, hd) for some h < 1, and 4hd — 2d < hd
This yields h < 2/3 (choose h = 2/3 to minimize the restriction)
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p-d Plot for Radix-4 SRT Division with Digit Set [-
2,2]

p
111 " .
Infeasible region
(p cannot be = 8d/3)
11.0
zmax
10.1
10.0 2
o
Choose 2 gl 5
011 oose % :
min
01.0
Choose 1 2d/3 Omax % 1
00.1 9
e e i A oY,
———— 0¥ d3 uiit
00.Q oose

.100 101 110 11 d

Fig. 14.14 A p-d plot for radix-4 SRT division
with quotient digit set [-2, 2].
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Radix r Divider

| Carryv
: Divisord -
: | Sumu

Shiftleft
<«

||}23

A

mutiple | 9 | Select
generation / [* ]
selection -
czpoiniit laold

or its complement

CSA tree

Carry

Sum

Adder

Fig. 14.15

Process to derive the details:
Radix r
Digit set [-a, o] for g

Number of bits of p (v and u)
and d to be inspected

Quotient digit selection unit
(table or logic)

Multiple generation/selection
scheme

Conversion of redundant q to
2's complement

Block diagram of

radix-r divider with partial
remainder in stored-carry form.
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Multiply-Divide Unit
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Multiply-Divide Unit

. /fk . Mul Djv
The control unit ety s - e e 4
-- Partial product p or Multiplier x — [¢====—1
proceeds throth ':I partial remainder|s‘ <_+_>0r quotient g I'--)-(_"’
. ]

necessary steps
for multiplication

i ————————————————— | Shift control
I TR e

or division R | IR R N
(including using B bbbl bbbt bty
the appropriate [ Divisorsign ’
shift direction) | e 6 | MSB of p(+1) | Multiply/

divide
control
The slight speed
penalty owing to
a more complex
control unit is
insignificant

Fig. 15.9 Sequential radix-2 multiply/divide unit.




