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Lecture Roadmap

« Advanced Topics
* Floating-Point Arithmetic

* Function Evaluation
« CORDIC Methods
« Approximation Function Methods
* Table-Lookup Methods

* Final Review
 Announcement: New Course, Spring 2009
« VLSI Architectures for Digital Signal Processing




Recommended Reading

« B. Parhami, Computer Arithmetic: Algorithms and
Hardware Design
« Chapter 22, CORDIC Algorithms
» Chapter 23, Variations in Function Evaluation
 Chapter 24, Arithmetic by Table Lookup

* Note errata at:
* http://www.ece.ucsh.edu/~parhami/text_comp_arit.htm#errors

Floating-Point Arithmetic
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Floating-Point Number Format and Distribution

Fig. 17.1 Typical + e S
floating-point
number format.

Sign Expon ent: Significand:
Signed integer, Represented as a fixed-point number
0:+ often represented
1:— asunsigned value Usually normalized by shifting,
Fig. 17.2 Subranges by adding a bias  so that the MSB becomes nonzero.

3 3 In radix 2, the fixed leading 1
and speC|aI values in Range with h bits:  can be removed to save one bit;

floating-point number [-bias, ' ~1-bias] this bit is known as "hidden 1".
representations.
Negative numbers Positive numbers
—00 max - FLP- min— +0 miL1+ FLP+ max + +00
| Lty L il | '"‘ N (AW el |
I [T T [ | TTrTT TTT] |
? Sperser Denser f f Denser Sparser
Oerflow Underflow Overflow
region regions region
Midway Underflow Typical Overflow
example example example example

The ANSI / IEEE Floating-Point Standard

Short (32-bit) format
Ll | |

1,8 bits, | 23 bits for fractional part L
,~7 \bias =127} (plus hidden 1 in integer part) \x\
! | -126to 127\ Sone
1 ] \ -~
f 1 [ \‘\\
1Sign | Exponent \‘ Significand SSa
i \ Sso
i lllbits, el
‘\._ Ibias=1023, | 52 bits for fractional part Tl
11-1022 to 1023 ; (plus hidden 1 in integer part)

Long (64-bit) format

Fig. 17.3 The ANSI/IEEE standard floating-point
number representation formats.




Basic Floating-Point Algorithms

Addition

Assume el = e2; alignment shift (preshift) is needed if el > e2

(+s1xDbel) + (52 xbe2) = (£ x bel) + (+ s2/be-e2) x pet

(£sl+s2/bel*2) xphel = +sxbe

Example: Numbers to be added:
x=2 4x 00101101 Operand with
y=2 1x .11101101 <«——— smallerexponent
to be preshifted
Operands after alignment shift:
x=2 39x .00101101
y=2 ®x .000111101101
Extra bits to be
Result of addition: e rounded off
s=2 9x .010010111101
$=2 9x .01001100 «—— Roundedsum

FLP Addition Hardware [ ouenis

Isolate the sign, exponent, S|gn|f|cand E— Unpack =
Reinstate the hidden 1 ‘ Signs_Exponents Significands
Convert operands to internal format b 3
Identify special operands, exceptions ’;ﬂﬂ’ § |

Fig. 18.1 Block diagram of a

floating-point adder/subtractor.

Other key parts of the adder:

Significand aligner (preshifter): Sec. 18.2 Control e en oo U Add <.
Result normalizer (postshifter), including & sign
leading Os detector/predictor: Sec. 18.2 logic

Rounding unit: Sec. 18.3 <
Sign logic: Problem 18.2

Normalize

Round and
selective complement

Normalize

Combine sign, exponent, significand Sign  Exponent Significand
Hide (remove) the leading 1 ) N Pack
Identity special outcomes, exceptions | s | sum/Difference

Converting internal to external >

representation, if required, must §
be done at the rounding stage P\
v




Floating-Point Multiplication and Division

Multiplication
(£slxbe) x (+s2xbe) = (+ sl xs2)xpel+e?
Because sl x s2 [J [1, 4), postshifting may be needed for normalization

Overflow or underflow can occur during multiplication or normalization
Division
(£slxbel)/(xs2xbe?) = (£sl/s2)xbel=e?

Because s1/s2 [J (0.5, 2), postshifting may be needed for normalization

Overflow or underflow can occur during division or normalization

Floating-Point Multipliers

_
Floating-point operan

(i sl x bel) % (i s2 x bez) = (i sl x Sz)xbe1+e2 ‘

sl xs2 1, 4): may need postshifting | Unpack l—
Overflow or underflow can occur during ﬁ ] | |
multiplication or normalization s (o

Exponentf

Multiply
Significands

Ad
Expone

Adjust .
Normalize
Expone|

| Pack |<—

Fig. 18.5 Block diagram of a floating-point multiplier.  Produc
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Floating-Point Dividers

Floating-point operands

(£slxbel)/(xs2xbe?) = (£sl/s2)xpel=e?

s1/s2 [0 (0.5, 2): may need postshifting | Unpack
Overflow or underflow can occur during ﬂJj [ | | |
division or normalization s S it _—

_ s
Note: Square-rooting never leads to Sinfieands
overflow or underflow

Fig. 18.6 Block diagram of a floating-point divider. ~ Quotient
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Function Evaluation
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Function Evaluation

* Function evaluation includes determining functions of
X such as:
¢ X square root
* sin(x), cos(x), tan(x)  trigonometric functions
cosh(x), sinh(x), tanh(x)  hyperbolic functions
In(x)  natural logarithm
o pX

13

CORDIC Methods
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CORDIC Hardware

Lookup|
Table

x*D) = xO — g, y® 2-
y+D =y + d, x0 2-

—d tan-12-
—d el

2(+1) = 7()

k table entries for
k bits of precision

Fig. 22.3 Hardware elements needed for the CORDIC method.
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Using the CORDIC Method

x(+1) = - d y(i) 2-i Mode - = Rotaton:d; = signg® ), z0) . 0 Vectoring:d; = —sign) y0), y@ .. 0
y(i+l) = y + d X 2_| X 8 K(x cosz—y sin2) X c KV x2 +y2
) . =1 y g K(y cosz + x sin2) y g 0
z(i+1) = Z(i) _ d el Creular | IS 0 z L z+ tan? g/x)
el = ) Fortan!, set=1,2=0
tarrt 2 For cos & sin, set = 1K,y =0 cosw = tan /1 - w?/w]
u O { 1, 0, 1} tanz = sinz/ cosz sinw = tan fv/vV1-w2]
d, 0{-1, 1} X
H=0 x X x
K =1646760258121...  Linear y—s51> yix y—{8 >0
1/K = .607 252 935009... ., 2 el 0 G BBl
Kl - 828 159 360 960 2 For multiplication, sey = 0 For division, sez =0
1/K'=1.207497067763... xS Kxoostu-ysin | x —fgl— K% -y2
=l y i K' (y coshz + x sinh2) y i 0
Hyp;;m"c_ z L 0 z L 7+ tanh® y/x)
. For cosh & sinh, set= 1K',y =0 For tanfi*, set=1,z=0
Fig. 22.5 e® = | tanhz=sinhz/ coste nw=2 tanh! jg— 1y + 1|
Summary of @t 2 | exp@) = sinhz + costz Vw =v(w + 1/4§ — W= 1/4}
generalized wt = exp( Inw) coshTtw = Infw + v 1-w?)
sinfriw = Inw +V 1 +w?)
CORDIC Note . In executing the iterations fdr <1, steps 4, 13, 40, 121, . .j.,.3 +1,...
a|gorithms_ must be repeated. These repetitions are incorpbiatine constari' below.
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Approximation Function Methods

ECE 645 — Computer Arithmetic

Use of Approximating Functions

Convert the problem of evaluating the function f to that of function g
approximating f, perhaps with a few pre- and postprocessing operations

Approximating polynomials need only additions and multiplications
Polynomial approximations can be derived from various schemes
The Taylor-series expansion of f(x) about x = a is

f(x) = f0(a) (x —a)i/j

j=0to o i A
The error due to omitting terms of degree > m is: EfﬂCIenCy. "
computation
fMm @+ p(x —a)) (x —a)™/(m+ 1)! O<p<1l canbe
Setting a = 0 yields the Maclaurin-series expansion gained via
_ o Horner’'s
)= 10wf?(0) XI/]! method and
and its corresponding error bound: incremental
evaluation

£+ (ux) x™*2/(m + 1)! O<u<l1

18




Some Polynomial Approximations (Table 23.1)

Func  Polynomial approximation Conditions
1/x l+y+y2+y3+- - +yi+. 0<x<2,y=1-x
ex 1+ x/A+ %220+ X330+ -+ xIfil+- -

In x -y —yA2—y33—yH4 - —yifi— - 0<x<2,y=1-X
Inx  2[z+2z33+ 255+ - +z2*YQ2i+1) + ] x>0, z=""3%

sin x X—=X3/31+X5/51 =X [TV +- -+ (=1) X2+ (2i+ 1) + -

COS X 1—xZ21+x44—x58/61+ - - - +(=1)'x3/(2i)! + - - -

tan=tx  X—x3/3+X55-x7[7+ - +(-1)'xZ*Y(2i+ 1)+ - -1<x<1
sinh x  X+x3/31+ X551 +x7[7'+ - - +x2*(2i+ 1) + - -

cosh x  1+x2/2!+x441+x6/6!+ - - - +x2/(2i) + - - -

tanh=x X+x3/3+x55+x7[7+ - +xZ*(2i+1)+ - - - -1<x<1

19

Table Lookup Methods
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Direct and Indirect Table Lookup

Operand(s) Operand(s) Pre- | g
u bits 2 byv u bits proces- Smaller
—®  table —®| sing table(s)
logic
—&
Result(s) Post-
v bits L | processing
logic
Fig. 24.1 Direct table lookup versus 5 %ﬁglt(s)

table-lookup with pre- and post-processing.
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Binary-to-Unary Reduction

Strategy: Reduce the table size by using an auxiliary unary function
to evaluate a desired binary function

Example 1: Addition/subtraction in a logarithmic number system;
i.e., finding Lz = log(x = y), given Lx and Ly

Solution: Let A= Ly - Lx
Lz = log(x zy)

log(x (1 £ y/x))
log x + log(1 * y/x)

Lx + log(1 + log—1A)

Ly

—

Lx

Pre-
process

A=Ly-Lx

I |

" table @ table

| |

Lx +'Z§;(A) Lx :‘(p(A)

Post-process

Lzl

22




Final Review

ECE 645 — Computer Arithmetic

Course Objectives

« Atthe end of this course you should be able to:

« Understand mathematical and gate-level algorithms for computer
addition, multiplication, and division

« Understand tradeoffs involved with different arithmetic
architectures between performance, area, latency, etc.

« Understand sources of error in computer arithmetic and error
analysis

+ Be comfortable with different number systems, and have familiarity
with Galois field and finite field arithmetic for future study

« Synthesize and implement computer arithmetic blocks on FPGAs

« This knowledge will come about through homework, exams,
and projects

24




Topics Covered in Course

« Number Representations
Adders

Multi-Operand Addition
Multipliers

Dividers

25

Key Points: Lecture 1
Introduction and Number Representations
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Range of Numbers

Number system Xmin Xmax
Decimal
X= (K1 Xz -+ X Xo:X g -+ Xy)1g 0 10<- 10
Binary
X= (Xeq Xeg - X3 XgXg o0 Xy)2 0 2k- 21
Generic conventional fixed-radix
X= (Keg Ko -+ Xq Xg-Xq -2 X, 0 rk-r
Notation: | unit in theleast significanposition
ulp=r- unit_in thelastposition

27

Number of digits

Number ot digits In the integral
Number system | Part necessary to cover the range
0. X hax

Decimal K= log,o Xex T1=

= 109,o( X ax +1)
Binary k= log, X, t1=

= log,(X, o +1
Generic conventional k= log, X, +t1=
fixed-radix = log,. (X +1)

28




Radix Conversion

Whole part Fractional part

u = wW.v

= (X Xep - - - X Xg - XqXp - - X ), Old
= (X Xep - - - X Xg . XX o X )R New

Example: (31)eign = (25);en

Two methods:

Option 1) Radix conversion, using arithmetic in the old radix r
Convenient when converting from r = 10 or familiar radix

Option 2) Radix conversion, using arithmetic in the new radix R
Convenient when converting to R = 10 or familiar radix

From: Parhami, Computer Arithmetic: Algorithms and Hardware Design 29

K-bit Signed Binary Numbers

Representation Representation Representation | Representatior
for X>0 for 0 for X<0
. 0,
Signed- X o kL [X|
magnitude
Bl X+B B X+B
typical B=2k1 or Z1-ulp
iR X 0,M mod X M-[X|=M-+X
Two’s =
K-IX|=
complement X ¢ i |X| g
One’s K — x|
complement X 0, Z-ulp 2-ulp-X|=|X|
30




Value of the Number in Signed Representations

: Value of
Representation
(X1 Xig -+ Xq Xg-Xoq --- X))
Signed- _ X <77 i
magnitude X=(-1 i:—IXI 2
k-1 _
Biased X= x[2Z-B
i=—l
’ k-2
Two'’s X = —X, l2k—l + X, P
complement i
k-2 _
One’s X==x_,2"-ulp)+ x[2
complement ==l

31

Key Points: Lecture 2
Number Representations (2)
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Table 17.1 ANSI/IEEE Standard Floating Point
Number Representation Formats

Feature Single/Short Double/Long
Word width (bits) 32 64
Significand bits 23 + 1 hidden 52 + 1 hidden
Significand range  [1, 2 — 2729 [1,2-27%
Exponent bits 8 1M1

Exponent bias 127 1023

Zero (+0)
Denormal

Infinity (£=<)
MNot-a-number (NaN)
Ordinary number

min
max

e+bias=0,f=0

e+bias=0,f=0
represents $0.fx2-128

e+ bias=255.1f=0
e+ bias=255f=0

e+ bias < [1, 254]
e < [-126, 127)
represents 1.fx 2¢

2718 = 12 x 1078
=212 =3.4x10%

e+bias=0.f=0

e+ hias=0f=0
represents $0.f<2-1022

e+ bias=2047, f=0
e+ bias=2047. =0

e + hias € [1, 2046]
ec [-1022, 1023]
represents 1.fx 2%

27192 2 2.2 107208
= 21024218 10%8

33

Chinese Remainder Theorem

Let

and
for any i, j

Then, any number

ged(m) = 1

8 A< N-1

can be represented uniquely by

-D1M

RANGE OF NUMBER

Ao (@=Amodn, aa=Amodn,, ..., §,=Amodn,)

A can be reconstructed from (a,, ..., §,) using equation

M
A =
i=1

(& ON; ON;*mod n)) mod N

N _
where |\||: T =

i
=n[h,0.h, [h, 0.

!




Residue Number System Arithmetic

RNS(8171513)

RNS Arithmetic

(5151012)gyg  Represents x = +5

(7161412)gns Represents y = —1

(4141411)5ys x+y:(56+7)3=4,(5+6), =4, etc.
(

6161110)gng Xx—-Yy:(6-7)3=6,(5-6);,=6, etc.
(alternatively, find —y and add to x)

B121011)gys Xxy: (5x7)g=3,(5x6), =2, etc.

* Range of number in RNS(8|7|53) is 0 to 8*7*5*3 = 840 or (-420 to +419) or any other interval
of 840 consecutive integers
o (7|6/4|2) represents -1 or 839 or ...
35

Elements of the Galois Field GF(2™M)

Binary representation
(used for storing and processing in computer system S):

A= (8.1, Qppr -y 8y, g, ) a u{o, 1}

Polynomial representation
(used for the definition of basic arithmetic operat ions):
m-1
AX)= aX=a, X" +a X2+ ...+ a,X+a X+a,
i=0
Omultiplication
+ addition modulo 2 (XOR)

36




Key Points: Lecture 3
Basic Adders and Counters

ECE 645 — Computer Arithmetic

Adding Unsigned Binary Numbers: Avoiding or
Detecting Overflow

* To avoid overflow, adding a K.L binary unsigned number to
a K.L binary unsigned number results in a (K+1).L number
Example: 1111.01 + — K=4, 122

. 1110.10 =
Carry-out ¢, is new MSB
of result ~ 11101.11

* [fresultis confined to a K.L number, need overflow
detection, which is the carry-out bit (see previous lecture)
Example: 1111.01 +

. 1110.10 =
Carry-out c indicates overflow
—11101.11

38




Adding Two's Complement Numbers: Avoiding or
Detecting Overflow

« To avoid overflow, adding a K.L binary two's complement
number to a K.L two's complement number results in a
(K+1).L number. To compute, sign extend MSB, ignore ¢,

Example: OA0111'01 + +— K=4, L=2
00110.10 =
Ignore c,,
“ TS901101.11

« Ifresultis confined to a K.L number, need overflow
detection, which is the ¢, xor c,_, (see previous lecture)
Example: 0111.01 +

¢« XOR ¢, , indicates overflow 0110.10 =
T 01101.11

39

Rounding Techniques

* There are different rounding techniques:

« 1) truncation
* results in round towards zero in signed magnitude
* results in round towards - in two's complement

* 2) round to nearest number
« 3) round to nearest even number (or odd number)
* 4)round towards +
+ Other rounding techniques
+ 5) jamming or von Neumann
* 6) ROM rounding
« Each of these techniques will differ in their error depending
on representation of numbers i.e. signed magnitude versus
two's complement
* Error = round(x) — x

40




Ripple Carry Adder

Tipple-add = TRAX.Y—=Cout) + (kK = 2)XTEA(Cin—Cout) + TEA(Cip—S)
R Lt
Ci Ck—1 Ck2 C2 C1 Co
r-<4— FA [ FA <+ FA < FA
I Cout Cin
I | I I I
Sy Sk_1 Sp—2 51 S0
Fig. 5.5 Critical path in a k-bit ripple-carry adder.
4
Bit-Serial Adder
Shift —#»
x|
v |
yi [Xi
Clock
c,:!”}__ Ci+1 Ci
Latch I FA I |
Si Shift ——#»
—»| |s

(a) Bit-serial adder.

)




Incrementer

i C—— e e
o L | L
“1 HA [ HA | " | HA |7 | HA
l | | !
Sk-1 S2 -0 S Xo
Decrementer
X1 X  ..0X X1 Xo
o L L
“IMHA " |MHA |- * 7 | MHA " |MHA
! | ! | !
Sk-1 Sk-2 S, S Xo

43

Key Points: Lecture 4
Carry-Lookahead, Carry-Select, Hybrid
Adders
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Solutions to Carry Propagate Problem

1. Detect the end of propagation rather than wait for
the worst-case time

2. Speed-up propagation via
. look-ahead
. carry select, etc

3. Limit carry propagation to within a small number of bi

4. Eliminate carry propagation through the redundant
number representation

45

Basic Signals
Generate signal: g = XY,
Propagate signal: P =0y,
Anihilate (absorb) signal: A Y =X Y
Transfer signal: Lt=g+p=3=X%X+Y,

Cout=1giveng =1

Carry recurrence

Ci1=G+CP=G+GC

46




4-bit Lookahead Carry Generator Schematic

==
Block Signal (]Ulu["ul(T
Intermediate Carrie
= H
G2 _ég:'
i e:
e

47

4-bit Lookahead Carry Generator Schematic

5+? p1+2 v|+2p|+2 \éwlpwl\ 5 Pi

4-bit lookahead carry generator | —

vy

gii+31  Plii+3]

48




64-bit 3-level Carry Lookahead Adder

C31020(329 C7C6 G5 Cp3Cn Gy 019513(317

« 4«
C48 C323 u u u U'CZB Jjju G4 jjju G0 u u u ‘v‘v CI;LG
L= — ’CLA GEN|« |CLA GEN ’ CLA GEN[+|CLA GEN‘ L
928,31 924,27 9120,23] 9i16,19]
Pr2s,31 Pra4.271 Pr20,23) Pris,ag !
| ‘ CLA GEN
L S I D o A
G144 43] O132.47) Op16 b1 Gj0,15]
Ps,63 P32,47) Prie,31] Ppo,15
CLA GEN o
g[0163]| J Pjo,63]
49

Two-level k-bit Carry Select Adder

k-1 3kid 3kid-1 k2 ki2-1 k4
k/4-bit adder f_[:' k/d-bil adder }} k/4-bil adder 0 Ly o
o
| 1 1 ; in
| k/4-bit adder "—
Kb+ | k/4+1 I Y T . Lo
.
Mux
Cki2
ki2+1
Cout , High K/2 bits Middle k/4 bits Low kid bils

50




A Hybrid Ripple-Carry/Carry-Lookahead Adder

€48 C32 Clo Clo CR Cc4 Cp
22151 [8s.an L7 g
2151 w1 wP a7 P
[ 1 1

10.3]

[0.3]

4-Bit Lookahead Carry Generator <J
(with carry-out)

L 16-bit Carry-Lookahead Adder

51

Key Points: Lecture 5
Conditional Sum, Parallel Prefix Network
Adders
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Conditional Sum Adder

« Extension of carry-select adder

« Carry select adder
* One-level using k/2-bit adders
 Two-level using k/4-bit adders
* Three-level using k/8-hit adders
* Etc.
 Assuming k is a power of two, eventually have an
extreme where there are log,k-levels using 1-bit
adders
* This is a conditional sum adder

53

Three Levels of a Conditional Sum Adder

iv3 Yir3 Xivo Yir2 X1 Yir1
‘ ‘ ‘ ‘ ‘ e pbranch point

o concatenation

c=1 |c=0 c=1 |c=0 c=1 |c=0
2 2 2 2 2 2
—o—* a o a
1+1
1 1
2 2 1 1 2 2 1 1
c=1 c=0 c=1 c=0
3 3 3 3
—* —? 1
2+1
1 2 2
3 3
5 4+1  block carry-in
5

c=0

determines selection
——

54




Parallel Prefix Network Adders

Basic component - Carry operator (2)
P

overlap okay!

B”
,,,,,,,,,,,,,,,,,, R
g’ p” g p
g=9"+gp”
p=pp

(9. p)=(g,pP) ¢ (@’ p)=(Q"+gp", PP’

55

Similar to Parallel Prefix Sum Problem

Parallel Prefix Sum Problem

Given:
Xg Xq X Xy1

Find:
Xo XotXp XotXg+X, ... XgEXg+Xot ...+ Xy

Parallel Prefix Adder Problem
Given:
Xo X X X1
Find:
Xg XgCX; XC X CX ... X ¢xCx¢...Cx 4

where—x=+(g, ) .




8-bit Brent-Kung Parallel Prefix Network

o1 o1 o o

(SRS

4 Lbit BIK PBN

o1 o1 O

X; X Xg  Xq X3 Xy X X

S S% S %S S SS

Key Points: Lecture 6
Multi-Operand Addition

ECE 645 — Computer Arithmetic




Applications of Multi-Operand Addition

(0)

a s o o 8 s @ p
% X e o o 0 o o p;é:
1IIliloEe
Y X|a2]2 e o o o o @ p;‘j:
¢ o x2a23 e ® o o o @ pém
. . xX3az ® o o 0 o @ P
cesessse p CO0O0COO000 @
Multiplication Inner product
B n-1 n-1
p=a-x s=  xOyh= pO
i=0 i=0
59
Parallel Addition via Adder Trees
+k ‘i’k +k ’tk +k +k k
[ Adder | | Adder]| [ Adder]
k+1
log,n
ar(;(;e%s adder Izevels
using two-
e input adders
_EI’

k+3

« We will look at three methods of addition trees
1) fast adder tree (carry-lookahead, carry-select,

etc.)
2) ripple carry adder tree
3) carry adder tree

60




Carry Save Adder

anl-l B,1Cn-1 Tz ?2 fz a b ¢ abyC

vl vaavda:

C,  SuCy SC  $C S ¢ SN

» Critical path is 1 full adder, regardless of the
number of bits n!

61

Carry-Save Adder Tree
L1 | » CSA adder tree uses
L CSA | [CSA | + very roughly log,(n) stages of
/ carry-save adders
CSA * This is why use "big O" notation
+ Each stage is of 1 latency unit
CSA (i.e. one full adder cell), so these

comprise log,(n) latency units
+ We will find exact number of
stages in upcoming slides
+ One fast k-bit carry-propagate
adder

[ ]
arry-propagate adde
+ Assuming you use a fast adder,

= O(tree height + Tcp,) this comprises approximately
log, (k) latency units

Tcarry—save—multi—add

= O(log n + log k)

Ccarry—save—multi—add = (n - 2)CCSA + CCPA
62




Wallace Tree

In a Wallace tree, we reduce the number of operands at the
earliest possible opportunity

12Fas
7777777777777 6FAs
S EGGtte
fffffffffffff 6FAs
ittt
E——E WS 7Y
lddddd

Total cost = 7-biradder + 28FAs+1HA

63

Dadda Tree

In a Dadda tree, we reduce the number of operands at the
latest possible opportunity that leads 1o no added delay
{target the next smaller number in Table 8.1)

,,,,,, Optimization
...... Step
,,,,,, ~
...... ¢ Eas
————————————— 6 FAs
Pl A
ttitite
...... 11FAs
————————————— 11FAs
m)nigini=ls
A<
o n e n
et 6FAs+ | HA
fffffffffffff 7FAs
AL L L L
rtCtititidd
—  AEeeImn 3FAs+2 HAs
Total cost = 71t CPA + 28FAs+1HA Total cost = 7itCPA + 26 FAs+3 Has

64




Key Points: Lecture 7
Tree and Array Multipliers
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Multiplication Architectures

Several
multiples

Small CSA
tree

Partial|product

L]
Adder

Next

All multiples
multiple

. High-radix
binary Speed up partial tree Econowize tree

Area

66




Full Tree Architecture

Designs are distinguished by w U

variations in three elements: 5
g Multiple- a
! Forming b
Circuits a

1. Multiple-forming circuits ———>_ L F—F—

Partial-Products
Reduction Tree

2. Partial products reduction tree | (Multi-Operand
Addition Tree)

3. Redundant-to-binary converter

-1 "Some lower-order
product bits are
product bits generated directly

67

2. Partial Products Tree Reduction (Wallace)

* After partial products created, must sum them together
+ Wallace tree: reduce number operands as soon as possible, 4 x 4 example below

°
|o a o|]|o|o o o]
L« o] D
°

727

Wallace Tree: 2 carry-save levels, 5 FA, 3 HA, 4-bit CPA
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Baugh-Wooley Two’s Complement Multiplier

a,X, AzXy a,Xg a;Xg @pXq
+ Xy AzXy axXy 41Xy agXy

X, azX, aX, a;X, agX,

Ps Ps P- Pe Ps Ps Ps3 P, P1 Po
_29 28 27 26 25 24 23 22 21 20

69

5 x 5 Array Multiplier
apg 0 azxg 0 axg 0 apxg 0 apxg
ATATATAY
asx | _’_ | _’ \ 0
- 49X ax | apx
AT AT AT AN
ool el el el ]
a4x 9 * 2% 2 * 4182 * 3% +
a3y 3 l_J\’ n'(t P>
TTNY MY MY Y
"1‘-:‘\\.4 N 2 “—J?' Q0% 4 J
"N Y MY MY WY
<+ ¢ /e

]
; Py Pg P, Pe Ps
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Key Points: Lecture 8
Sequential Multipliers

ECE 645 — Computer Arithmetic

Sequential Shift-and-Add Multipliers: Right-Shift
Algorithm (Unsigned)

p= ax = xoazﬂ + x1a21 A x2a22 + ...+ )q(_la2<'1 =

= (O +\>632<)/2 +x@2)/2 + ... + >&_1a2<)//2 -
N
k times

p(o) =0
pl*D = (p + X a /2 j=0..k-1

p=pY
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Sequential Shift-and-Add Multipliers: Right-Shift

Algorithm

I Multiplier

—»

Partial | Product |

0

-

k

\ k-bit adder ;

73

The multiple generation part of a radix-4
multiplier with precomputation of 3a

Multiplier
3a
(l) ‘cll 2a 2-bit shifts
| Xit1 X
00 01 10 11 2. i
Mux A&

To the adder

4




Table 10.1 Radix-4 Booth’s recoding yielding (z,/521Zg)¢our

m— X1 X Xiq Yie1 Vi Zip Explanation
0 0 0O 0 O O Nostringof1sin sight
0 0 1 O 1 1 End of a string of 1sin x
01 0o 1 -1 1 |Isolatedinx
0 1 1 1 0 2 Endofastring of 1sin x
1 0 0 1 0 2 Beginning of astring of 1sin x
1 0 1 1 "1 End one string, begin new one
1 1 0 0 "1 1 Beginning of astring of 1sin x
11 1 0 0 0 Continuation of string of 1sin x

1001 1101 1010 1110 Operandx

1 2 2 1 2 1 0 2 Recoded
radix-4
version z

75

Radix-4 multiplication with a carry-save adder
and Radix-4 Booth-recoding

a Multiplier
Booth <% X
Recoder
& Sclector
Old Cumulative
Partial Product Zip @
| csa |
New Cumulative I
Partial Product i 2-Bit

i — Adder
m v Extra "Dot"
To the Lower Half
ol Partial Product
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Radix-16 multiplier with carry-save

adders

Multiplier

[ TIIT]

Xis3

(‘SA

CsA |
— Sum

Partial Product
(Upper Half)

Mux
da
Mux
4-Bit
%hm

4-Bit
Adder

l'o the Lower Halt

of Partial

Product

7

Systolic Bit-Serial Multiplier

\flultlp]l(,md (par: 1”L in) Xq x| X
a 20 LML

D‘ | D‘ D‘ | D‘_ Multiplier

(serial in)

{? LSB-first
r Sum f f r
FA Ul FA Ul FA | e FA

Product

Carry é é é (scrial out)

— — — —

X2

=)
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Key Points: Lecture 9
Basic Dividers

ECE 645 — Computer Arithmetic

Division of 8-bit number by 4-bit number in dot

notation
d Divisor 0000 Quotient
0000 0000OCOCOGO z Dividend
0000 —q3d 23
o000 —-q,d 22 | Subtracted
o000 -q,d 21 bit-matrix
0000 —qod 20
0000 s Remainder
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Basic Equations of Division

// z=dq +s \\

|s|<[d]

sign(s) = sign(z)

z>0 z<0
O<s<|d| -|d|<x<0

81

Restoring Unsigned Integer Division

o N

for j=1tok

if 2dD-2kd>0

;=1

sh=24d)-2kd
else

qj=0

\\; s =24 ///
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Shift/Subtract Sequential Restoring Divider

Trial difference Shift

L Load !
Partial remainder, S0 (initial value 2) |‘;:::f _____
_________________ : 2
Shift ] Q
—————————— e ||
| Divisord | Quotient
MSB of digit

83

Non-Restoring Unsigned Division

Justification
Restoring division Non-Restoring division
s =2 4 sh =2 d)-2kd
St =24d)-2¢d = St =2 d)+ 2xd =
=4 dD-2<d =2(2¢V-2d)+ xd=
=4 d4D-2<d




Shift/Subtract Sequential Non-Restoring Divider

MSB of
2s(-1)

-
< [Qwten |4

Partial I Remainderl

Ok

Divisor Sign

“add/sub

NOTE:

1. Ui and add/subtract
control determined by
both divisor sign and sign
of new partial remainder
(via an XOR operation).
Divisor sign is 0 for
unsigned division.

2. note that cout is the
complement of the sign of
the new partial remainder,
i.e. if new partial
remainder = 0, then cout =
1; if new partial remainder
=1, then cout=0

Complement of
Partial Remainder Sign

85

Key Points: Lecture 10

Fast Dividers

ECE 645 — Computer Arithmetic




Non-Restoring Array Divider

dg & dZ__z_dZ__iZ -3
MRS

Ao

Fig. 15.8 Nonrestoring
array divider built of controlled
add/subtract cells.

<4

N ANAN

Critica =

| path

Similarity to
array multiplier
is deceiving

Divisor d=d.ddg _; 5, 3

* Quotient q=q.9 o4 _» _3
Remainders=0.0 0 s s35 5 5 _¢

87

New and Old Partial Remainders in SRT Division

We use the comparison constants —¥2 and %2 for quotient digit selection

2s 2 +Y2means 2s = (0. 1XXXXXXXX) 5 compl
2s < —2means 2s = (1.0XXXXXXXX) s compl

. S(J) . sl) = 2g(-1) — q_j d
: d : with s@=z
q= sk = 2kg
1/2 s [0 [Y5, %)
a;0{1,0,1}
= L b )

v o + 2s
112

a=1 | /i .

Fig. 14.5 The relationship between new and old partial remainders

in radix-2 SRT division.
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Constant Thresholds Used for Quotient Digit

Selection in Radix-2 Division with e in{-1,0, 1}

Q \}égap SE(D o%ﬁ%p t '==u +v
d Fig. 14.7 R B
o= Q- if t< %%

] =

then 9= -1
o else if t
2s
—2d Zd d 2d thenqg =1
= elseq;=0
endif
—d endif
-1/2 0
Choose -1 ' Choose 0 Choose 1
Sum part of 286: U= (UUg . U_gU 5+ + )z compl Max error in

Carry part of 2s6=: v = (Vv . V1V, - . )2scompl

approximation

Approximation to the partial remainder: <SVa+Ya=1
t = Uyt Ve {Addthe 4 MSBs of u and v} Errorin [0, ¥2)
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Radix-4 SRT Divider with the Digit Set
{-21 -11 Ol 1’ 2}

Radix-4 fractional division with left shifts and q_; [ [-2, 2]

s = 480D —q,d with s@=z and s®=4ks
|-shift-| _
|—subtract—| s0)
2d/3 2/i_ 92 —1 0 + 32 +
4 /
—4d é_d
~283 Z8d/3 = 8a/3

Fig. 14.13  New versus shifted old partial remainder
in radix-4 division with q_; in [-2, 2].

For this restriction to be feasible, we must have:
s O [~hd, hd) for some h < 1, and 4hd — 2d < hd
This yields h < 2/3 (choose h = 2/3 to minimize the restriction)

4
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New Course: Spring 2009
VLSI Architectures for Digital Signal
Processing

ECE 645 — Computer Arithmetic

New Course: Spring 2009

ECE 699: VLSI Architectures for Digital Signal Proc  essing

Prerequisites: ECE 545 and 410, or equivalent; or permission of
instructor.

Investigates implementations of digital signal processing algorithms on
FPGAs and ASICs. Using Matlab and VHDL, covers hardware
architectures for DSP algorithms such as fast Fourier transforms, finite
impulse response filters, direct digital frequency synthesizers,
equalizers, and correlators. Investigates floating-point to fixed-point
conversion and quantization noise impact on system SNR. Discusses
performance, area, and power tradeoffs in silicon implementations.
Application areas include mobile phones, satellite receivers, and
software defined radios.
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