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ECE 645 — Computer Arithmetic

Lecture Roadmap

* Revisiting Addition and Overflow
 Rounding Techniques
« Basic Adders and Counters




Required Reading

« B. Parhami, Computer Arithmetic: Algorithms and
Hardware Design
 Chapter 17, Floating-Point Representations (17.5)
+ Chapter 5, Basic Addition and Counting (5.1-5.5)

* Note errata at:
* http://www.ece.ucsh.edu/~parhami/text_comp_arit.htm#errors

Revisiting Addition and Overflow

ECE 645 — Computer Arithmetic




Adding Unsigned Binary Numbers: Ignoring
Overflow

* Ignoring overflow, adding a K.L binary unsigned number to a
K.L binary unsigned number results in a K.L number

Example: 1111.01 + — K=4, 122
1110.10 =
Ignore ¢,
~ $1101.11

 Adding 15.25 + 14.5 resulted in 13.75
+ Must add 2"K=2"4=16 to result to get correct value due to overflow

Adding Unsigned Binary Numbers: Ignoring
Overflow in VHDL

library IEEE;

use [EEE.STD_LOGIC_1164.all;

use IEEE.STD_LOGIC_ARITH.all;

use [EEE.STD_LOGIC_UNSIGNED.all;

entity adder_unsigned is
port(
a:in STD_LOGIC_VECTOR(1 downto 0);
b :in STD_LOGIC_VECTOR(1 downto 0);
sum : out STD_LOGIC_VECTOR(1 downto 0))

end adder_unsigned;

architecture arch of adder_unsigned is

begin

sum<=a+b;

end arch;




Adding Unsigned Binary Numbers: Avoiding or
Detecting Overflow

« To avoid overflow, adding a K.L binary unsigned number to
a K.L binary unsigned number results in a (K+1).L number
Example: 1111.01 + — K=4, 122

. 1110.10 =
Carry-out ¢, is new MSB
of result =~ 11101.11

« Ifresultis confined to a K.L number, need overflow
detection, which is the carry-out bit (see previous lecture)
Example: 1111.01 +

. 1110.10 =
Carry-out c indicates overflow
—11101.11

Adding Unsigned Binary Numbers: Avoiding
Overflow in VHDL

» Zero pad input values with '0', then add and ignore final
carryout (Cy,q)
Example: 00111.01 +
orec, 00110.10 =
001101.11

use IEEE.STD_LOGIC_UNSIGNED.all;

+— K=4, =2

entity adder_unsigned_carryout is
port(
a:in STD_LOGIC_VECTOR(1 downto 0);
b:in STD_LOGIC_VECTOR(1 downto 0);
sum : out STD_LOGIC_VECTOR(2 downto 0))

end adder_unsigned_carryout;

architecture arch of adder_unsigned_carryout is
signal tempsum : std_logic_vector(2 downto 0).
begin
tempsum <= ('0'&a) + ('0' & b); -- pad with ‘0’ befo re addition
sum <= tempsum; -- alternatively, sum(2) is the carr yout, i.e. overflow flag

end arch;




Adding Two's Complement Numbers: Ignoring
Overflow

* Ignoring overflow, adding a K.L two's complement number to
a K.L two's complement number results in a K.L number
Example: 0111.01 + 1000.00 +
0110.10= 166100 =
1101.11  1000Y.

* Adding 7.5 + 6.25 resulted in -2.25
+ Must add 2"K=2"4=16 to result to get correct value (13.75)
* Adding -8 + -7 resulted in +1
*  Must add -2"K=-2"4=-16 to get correct value (-15)
* Recall: overflow only possible when adding two numbers of the same sign (positive+positive
or negative+negative)
+ Two's complement addition ignoring overflow is also called modulo addition (with modulus
of 2X) or wraparound addition
+ Atwo's complement overflow is also called a wraparound
+ A number can represent itself (x) and any positive or negative multiple x + 2€%j, j=0,+/-1, +-/2

Ignore ¢,

Adding Two's Complement Numbers: Ignoring
Overflow in VHDL

library IEEE;

use [EEE.STD_LOGIC_1164.all;
use IEEE.STD_LOGIC_ARITH.all;
use IEEE.STD_LOGIC_SIGNED.all;

entity adder_signed is
port(
a:in STD_LOGIC_VECTOR(1 downto 0);
b :in STD_LOGIC_VECTOR(1 downto 0);
sum : out STD_LOGIC_VECTOR(1 downto 0))

end adder_signed;

architecture arch of adder_signed is

begin

sum<=a+b;

end arch;
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Two's Complement Wraparound Property

« Temporary wraparounds are fine as long as final
value is in the correct dynamic range:
« Example: add (-8 +-6) +7 = -7
« 1000 + 1010 = 0010
» Should be (-14),, not (+2),,  wraparound/overflow
« 0010 + 0111 = 1001
» Final result is correct: (-7),,

« If final result guaranteed to be in the correct dynamic
range [-8,+7] then intermediate wraparounds are fine
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Two's Complement Wraparound
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Adding Two's Complement Numbers: Avoiding or
Detecting Overflow

« To avoid overflow, adding a K.L binary two's complement
number to a K.L two's complement number results in a
(K+1).L number. To compute, sign extend MSB, ignore ¢,

Example: OA0111'01 + — k=412

00110.10 =

Ignore c,,
“ TS901101.11

« Ifresultis confined to a K.L number, need overflow
detection, which is the ¢, xor c,_, (see previous lecture)
Example: 0111.01 +

¢« XOR ¢, , indicates overflow 0110.10 =
T 01101.11
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Adding Two's Complement Numbers: Avoiding or
Detecting Overflow in VHDL

« Sign extend input values, then add and ignore final carryout
(Cks1)
Example:  [00111.01 +
Ignore ¢y, - 00110.10 =
001101.11

use |[EEE.STD_LOGIC_SIGNED.all;

entity adder_signed_carryout is
port(
a:in STD_LOGIC_VECTOR(1 downto 0);
b:in STD_LOGIC_VECTOR(1 downto 0);
sum : out STD_LOGIC_VECTOR(2 downto 0))

end adder_signed_carryout;

architecture arch of adder_signed_carryout is
signal tempsum : std_logic_vector(2 downto 0).

begin
tempsum <= (a(1) & a) + (b(1) & b); -- sign extend be fore addition
sum <= tempsum;

end arch;

14




Subtracting Two's Complement Numbers: Ignoring
Overflow

* Ignoring overflow, subtracting a K.L binary two's
complement number from a K.L two's complement number
results in a K.L number

Example: 1
0111 - 0111 +

1000 0111 =
Ignore ¢, ~ 1111

o 7—(-8)resulted in-1

* A wraparound/overflow occured

+ Must add 2"K=2"4=16 to get correct value of +15
* Again we see the modulo effect

« As with addition, temporary wraparounds are okay as long as final
resultis in correct dynamic range
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Subtracting Two's Complement Numbers: Avoiding
or Detecting Overflow

+ To avoid overflow, subtracting a K.L binary two's
complement number from a K.L two's complement number
results in a (K+1).L number

Example: 1 -
0111.01 - 00111.01 +
100000 ) [00111.11 =
1111.01
Ignore cK+1/

* Ifresult is confined to a K.L number, need overflow
detection, which is the ¢, xor c,_, (see previous lecture)
Example: 1
0111.01 - 0111.01 +
100000  OBRLf -
1111.01

¢« XOR ¢, indicates overflow—"
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Subtracting Two's Complement Numbers: Avoiding
Overflow in VHDL

library IEEE;

use [EEE.STD_LOGIC_1164.all;
use IEEE.STD_LOGIC_ARITH.all;
use IEEE.STD_LOGIC_SIGNED.all;

entity adder_signed_carryout is
port(
a:in STD_LOGIC_VECTOR(1 downto 0);
b :in STD_LOGIC_VECTOR(1 downto 0);
sum : out STD_LOGIC_VECTOR(2 downto 0))

end adder_signed_carryout;

architecture arch of adder_signed_carryout is
signal tempsum : std_logic_vector(2 downto 0);

begin
tempsum <= (a(1) & a) - (b(1) & b); -- sign extend BEFORE addition, very important
sum <= tempsum;

end arch;
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Negating a Two's Complement Number

* Negating a K.L two's complement number usually only
requires a K.L digit result. The only exception is when you
negate the largest negative number, and you need a
K.(L+1) digit result.

+ -0111=1001
+ -1000=01000 need extra bit to negate largest negative number
+ Can view negation of x as (0 — x)

+ Can use the same mechanisms and overflow detection as
subtraction
1+
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Rounding Techniques

ECE 645 — Computer Arithmetic

Rounding

* Rounding occurs when we want to approximate a more
precise number (i.e. more fractional bits L) with a less
precise number (i.e. fewer fractional bits L")

« Example 1:

« 0ld: 000110.11010001 (K=6, L=8)
* new: 000110.11 (K'=6, L'=2)

« Example 2:

« 0ld: 000110.11010001 (K=6, L=8)
* new: 000111. (K'=6, L'=0)

« The following pages show rounding from L>0 fractional bits

to L'=0 bits, but the mathematics hold true for any L' < L

+ Usually, keep the number of integral bits the same K'=K
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Rounding Equation

Whole part Fractional part

X1 Xk -+« X Xg - X4 X0 X Yek-1Yk—2 - - - Y1Yo

* y =round(x)
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Rounding Techniques

* There are different rounding techniques:

« 1) truncation
* results in round towards zero in signed magnitude
* results in round towards - in two's complement

* 2) round to nearest number
« 3) round to nearest even number (or odd number)
* 4)round towards +
+ Other rounding techniques
+ 5) jamming or von Neumann
* 6) ROM rounding
« Each of these techniques will differ in their error depending
on representation of numbers i.e. signed magnitude versus
two's complement
* Error = round(x) — x

22




1) Truncation

The simplest possible rounding scheme: chopping or truncation

X Xip + -+ XqXg - XX p -+« - X X1 Xp « -+ XqXg

ulp

+ Truncation in signed-magnitude results in a number chop(x) that is always of smaller
magnitude than x. This is called round towards zero or inward rounding
+ 011.10(35) ,, 011(3) 4
e Error=-0.5
¢ 111.10(-35) ., 111(-3)
¢ Error=+0.5
+ Truncation in two's complement results in a number chop(x) that is always smaller
than x. This is called round towards - or downward-directed rounding
+ 011.10(35) ,, 011(3) 4

e Error=-0.5
+ 100.01(-35) o, 100 (-4) 4
e Error=-0.5
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Truncation Function Graph: chop(x)

chop(x) chop(x)
4 - 4 o
3 — 3 —
A — A —
2| — | —
/// X // X
+4 L3 L2 11/ 1 2 3 4 +4 L3 L2 —1/' 1 2 3 4
ﬁ, =1 /.,_—J
— = —
—,./ -3 ,’/_ =3
7“/ =4 ,‘/_ =4
Fig. 17.5 Truncation or chopping Fig. 17.6 Truncation or chopping
of a signed-magnitude number of a 2’'s-complement number (same

(same as round toward 0). as round to -).
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Bias in two's complement truncation

X X chop(x) chop(x) Error
(binary) (decimal) (binary) (decimal) (decimal)
011.00 3 011 3 0

011.01 3.25 011 3 -0.25
011.10 &3 011 3 -0.5
011.11 3.75 011 3 -0.75
100.01 -3.75 100 -4 -0.25
100.10 -3.5 100 -4 -0.5
100.11 -3.25 100 -4 -0.75
101.00 -3 101 -3 0

+ Assuming all combinations of positive and negative values of x equally possible,
average error is -0.375

+ Ingeneral, average error = -(21-21)/2, where L' = new number of fractional bits

25

Implementation truncation in hardware

* Easy, justignore (i.e. truncate) the fractional digits
fromLto L'+1

X1 Xez =X 1 Xoo k 4 X5 x4
 ———

Yia Yz Y 1 Yol ignore (i.e. truncate the rest)
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2) Round to nearest number

 Rounding to nearest number what we normally think
of when say round

* rtnin two's complement

* 010.10 (2.5) 10 011 (3)
e Error = +0.5

* 101.10 (-2.5) 10 110 (-2)
e Error =-0.5

10

10
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Round to Nearest Function Graph: rtn(x)
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Bias in two's complement round to nearest

X X rtn(x) rtn(x) Error
(binary) (decimal) (binary) (decimal) (decimal)
010.00 2 010 2 0

010.01 2.25 010 2 -0.25
010.10 25 011 3 +0.5
010.11 275 011 3 +0.25
101.01 2.75 101 =3 -0.25
101.10 2.5 110 2 +0.5
101.11 -2.25 110 -2 +0.25
110.00 2 110 2 0

Assuming all combinations of positive and negative values of x equally possible, average error

is +0.125

+  Smaller average error than truncation, but still not symmetric error

+  We have a problem with the midway value, i.e. exactly at 2.5 or -2.5 leads to positive error bias
always

+ Also have the problem that you can get overflow if only allocate K' = K integral bits
+ Example: rtn(011.10)  overflow
+  This overflow only occurs on positive numbers near the maximum positive value, not on negative
numbers
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Implementing round to nearest (rtn) in hardware

* Two methods

 Method 1: Add '1'in position one digit right of new LSB
(i.e. digit L'+1) and keep only L' fractional bits
Xig Xyp =X 1 Xgo X 4 |Xo X
+ 1

= Y1 Ye2 Y 1 Yo ) )
ignore (i.e. truncate the rest)

 Method 2: Add the value of the digit one position to right
of new LSB (i.e. digit L'+1) into the new LSB digit (i.e.
digit L) and keep only L' fractional bits

X1 Xez =X 1 Xo- k 4 X5 x4
+X

Yir Ye2 =Y 1 Yo | )
ignore (i.e truncate the rest)
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Round to Nearest Even Function Graph: rtne(x)

* To solve the problem with the midway value we implement round to nearest-even
number (or can round to nearest odd number)

rtne(x) R*()
4 o< 4 -
y y
s s
3 — 3 o===0
//// ////
2 S 2 —_—
l/, l/,
1] = 1{- O=r—0
l/ l/
X i X
4 3 2 a7 1 2 3 4 4 3 2 a7 1 2 3 4
g g
-y ey
e —= 2
—— =5 0/—,40 =
s 7
// //
e =4 e =4

Fig. 17.8 Rounding to the
nearest even number.

Fig. 17.9 R*rounding or rounding

to the nearest odd number.
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Bias in two's complement round to nearest even
(rtne)

X X rtne(x) rtne(x) Error
(binary) gdecimal (binary) (decimal) (decimal)
000.10 0.5 000 0 -0.5
001.10 15 010 2 +0.5
010.10 2.5 010 2 -0.5
011.10 &3 0100 (overfl) 4 +0.5
100.10 -3.5 100 -4 -0.5
101.10 -2.5 010 2 +0.5
110.10 -1.5 010 2 -0.5
111.10 -0.5 000 0 +0.5

* average error is now 0 (ignoring the overflow)
* cost: more hardware




4) Rounding towards infinity

» We may need computation errors to be in a known direction
 Example: in computing upper bounds, larger results are
acceptable, but results that are smaller than correct values
could invalidate upper bound
+ Use upward-directed rounding (round toward + )
* up(x) always larger than or equal to x
« Similarly for lower bounds, use downward-directed rounding
(round toward - )
+ down(x) always smaller than or equal to x

 We have already seen that round toward - in two's complement
can be implemented by truncation
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Rounding Toward Infinity Function Graph: up(x)
and down(x)

down(x) can be implemented by chop(x) in
two's complement




Two's Complement Round to Zero

« Two's complement round to zero (inward rounding)
also exists

inwardk)
4 /"
3 —
2 —
| e

s
14 L3 L2 i1, 1 2 3 4
.
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Other Methods

* Note that in two's complement round to nearest (rtn)
involves an addition which may have a carry
propagation from LSB to MSB

 Rounding may take as long as an adder takes

» Can break the adder chain using the following two
techniques:

« Jamming or von Neumann
» ROM-based

36




5) Jamming or von Neumann

jam(x)

4

.
.
.
; T
.
.
/
A >
’ =
,
/
,
.
4 ® =93
-
.
/
|
i —4

Chop and force the LSB
of the result to 1

Simplicity of chopping,
with the near-symmetry
or ordinary rounding

Max error is comparable

to chopping (double that
of rounding)
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6) ROM Rounding

ROM(x)
4

3

2

7
.
7
4 3 2 1,
2
—r-]
/,l’
—<e -
/ﬁ// _3
///
- —4

Fig. 17.11 ROM rounding
with an 8 x 2 table.

Example: Rounding with a
32 x 4 table

Rounding result is the same
as that of the round to nearest
scheme in 31 of the 32
possible cases, but a larger
error is introduced when

X3 =X, =X =Xy =X, =1

Xeoq - - = XgXgXoX Xg - XX p o - 2 X Xeq - - - XaY3Y2Y1Yo

ROM address

ROM data
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ANSI/IEEE Floating-Point Standard

ANSI/IEEE standard includes four rounding modes:
Round to nearest even [default rounding mode]
Round toward zero (inward)

Round toward +co (upward)
Round toward —co (downward)

39

Basic Addition and Counters

ECE 645 — Computer Arithmetic




Half-adder

2 1
X+y=(c s)

— X
HA
Ty
X|y|cl|s
o[o]o]o
0|1/0]1
1(0lo|1
1(111/0

a

Half-adder

Alternative implementations (1)

a) c=xy
s=x0y

b) c=x+Yy

S = Xy + Xy

S

CE:
=

(a) AND/XOR half-adder.

==l

C
Y

(b) NOR-gate half-adder.

Py




Half-adder Alternative implementations (2)

C)

C=xy

s = XC + yc = xdj/c

o

IS

(c) NAND-gate half-adder with complemented carry.

43

Full-adder

FA —y

0
5
OO
=

2 1
X+y+cin:(couts)2

P RPRRPRRERPOOOO X
P PRPOOPRPFR OO
POFRPROFRPRORFRO| =
P OORFRPRORFRPFO|n




Full-adder Alternative implementations (1)

a) s=(xxOy)Oc,
Cout = XY 37 Gn (X N y)

VvV X
. |
Sout ( § HA
Cc | Y15

HA

sl
(a) Built of half-adders.
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Full-adder Alternative implementations (2)

b) o= Xy + XG, + Y5,
s = x0I y N Cin = XYGj + XYGj + XYG, + XYG,

I

(b) Built as an AND-OR circuit.
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Full-adder Alternative implementations (3)

C)

Mux
Cout . E :JE 0
Out |

R P O O X
R O F O«

R O 0o
>
_o\pm
> >
_oq_
Tt

5
D O
5

0
=]
1

(¢) Suitable for CMOS realization.
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Full-adder Alternative implementations (4)

Implementation used to generate fast carry logic

in Xilinx FPGASs
COLII
X y Cout
00|y
01 Cin
1|0 Cin &
tily T »’ E
p:ny B ,g
g:y Cin

s=pUc,=x0yUc,
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CMOS Transmission Gate

P Y ._‘E’j
1
Xn TG
T T z
| (L &
N e Xy TG
| I
(a) CMOS transmission gate: (b) Two-input mux built of two
circuit and symbol transmission gates

CMOS transmission gate and its use in a 2-to-1 mux.
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Ripple-Carry Adder

Yi X3 Y X2 Y1 Xl Yo X0

FAT FA —1FA FA
52

L]
ek
L]
]
L
L]
=

C4
Cout

Ly
=]

S4 83 51 S0

(b) Four-bit ripple-carry adder.
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Critical Path

Tipple-add = TRAX.Y—=Cout) + (kK = 2)XTEA(Cin—Cout) + TEA(Cip—S)
rerrr [ |
Ck Cx_1 C_2 Co C1 Cp
- FA €4 FA &= ... €= FA € FA
! Cout Cin
v | ' ' I
Sk Sk—1 Sk-2 51 S

Fig. 5.5 Critical path in a k-bit ripple-carry adder.
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Latency of a k-bit ripple-carry adder

Tfipple—add: -EA(X’y - Cout) *

+ (k—2) I:rI-FA(Cin - Cout) +
+ -I;A(Cin - S)

Latency= k [T

Latencyl] k
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Layout of Ripple-Carry Adder in CMOS

Y3 X3 ¥y2 X2 Y X Yo X0
— I I — I I — I I o I I _VD[
— —_ —_— Tinverters Vg
Cout C3 C2 C| Two Sno 1500
4-to-1
— — — — Mux's m
o 5,1 51 sol
[ , »>|
7603
Fig. 5.4 The layout of a 4-bit ripple-carry adder in CMOS

implementation [Puck94].
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Two's Complement Adder

Vh-l Rt M2 M2 YioX Yo ™o
C1] | || . |
Ck Ck-2 Ca L Cn
Cout FA FA FA [ FA &
ur.-;m@
Megative I
Ie:u{g
Sk-1 k-2 Eh] Bp
Two's-complement adder with provisions

detecting conditlons and exceptions.

for
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Two's Complement Overflow

I ndication of overflow

Positive Negative
+ Positive + Negative
= Negative = Positive

Formulas

Ove rﬂOWZ’s complement: XeaYe1Ser ¥ X1 Yie1Ser =

=G UG
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Two's Complement Overflow

overflow| ¢ Oc,
0 0

X
<
[N
<
o\
[N

()
=
[N
[N

RlRP P OOO|O
RROOPRROO
R Ok OFr OrR|o
R R, OR OO0 |0
ROORr ORIk Oo |
olroo ool

el lecNeNeNa]
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Bit-Serial Adder

Si Shift ——9»
+| |s

(a) Bit-serial adder.
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Bit-Serial Adder Interface

X; Yi
e—— CO
Sy ] Bit-serial -
adder
— clk




Digit-Serial Adder

Digit-serial

Cirp — start
adder
— clk
% d
Sl 59
Addition of a Constant (1)
X1 X2 - - - X% Xg  variable
+ Ye-a Yk2- - -1 Yo  constant

S15%2---3%

X1 X2 -+ Hea Xp Xpog - -
Y1 Yz --Hher 1 O

.% Variable

... 0 constant

Sc1 2 - - Sie1 X Xpog - -

R
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Addition of a Constant (2)

Xy Xy Xns2  Xne1
o L -
| HA I HA | L HAY ] HAY
MHA MHA MHA MHA
} ! | |
Sk-1 Sk-2 Shi2  Shel

If

y,=0 Half-adder (HA)

y,=1 Modified half-adder (MHA)

Xn Xhg - -

}
Xn

Xpq *

Xo
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Modified Half-Adder
C — — X
MHA

s T Ty
X|ylcl|s
2 1 00|01
x+y+1l=(c s) 0/111(0
1/0(11|0
111111
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| ncrementer

Y A% Y Xi xs
o L L
“] HA 7| HA "1 HA |7 | HA
| l l I
Sk-1 Sk-2 S, S Xo
Decrementer
Xy-1 Xy-2 X5 X1 Xo
o L L
“—|MHA [*—| MHA | MHA[T |MHA
| | ! l !
Sk-1 Sk-2 S S Xo
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Counter
Data in
------ Count / Initialize
_,I |*Reset Clear
S Count regist soooIIoo:
Clock ount register *Load Enable
+1 J’(—n E
Counter Increme nter
overflow *"_"_E';Jt (Decrementer)
X+1
Data out

(x—1)
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Three-Stage Up Counter

Count register divided into three stages
A,
& M

] ] Load

| [ T *——4' 1 #
Control Control

-

2 | 1|

Fast three-stage up counter.

Increment
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Possible Solutions to Carry Propagate Problem

1. Detect the end of propagation rather than wait for
the worst-case time

2. Speed-up propagation via

. look-ahead
. carry skip
. carry select, etc

3. Limit carry propagation to within a small number of bi

4. Eliminate carry propagation through the redundant
number representation

66
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Carry Chain Lengths

Bit# 15 14 12 12 11 10 2 &g T 6 5 4 2 2 1 0

Zamy chains and their lengths
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Analysis of Carry Propagation

Probability of carry generation -—% Moe 11)
Probability of carry propagation "—% o= 01 or 10)
Probability of carry anihilation = % x=00 or 11)

| +1 i

1 0..1..0...11

1 1..0..1..01

——

110or00 O1lor1i0

Probability of 1i-i-1 . ~ 1j—i
carry propagating ~ 2 > = 2
from position probability o probability of

i to position j propagation anihitation
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Expected length of the carry chain
that starts at positioni (1)

Expected length(i, k) =

S L k=1-i
NN T
G- 2 ki)

SN

Length Probability  Distance Probability

of the of the given tillthe end  of propagatior

carry chain  length of adder till the end of
adder
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Expected length of the carry chain
that starts at position i (2)

Expected length(i, k) =
2 . 2—(k—i -1)

For i <<k

Expected length of the carry propagationis= 2
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