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Lecture Roadmap

e Signed Multi-Operand Addition (Two's Complement)
Multiplication
* Range of unsigned and signed multiplication

Tree Multiplication
¢ Unsigned Multiplication
¢ Signed Multiplication (Two's Complement)

Array Multiplication
Squaring




Required Reading

* B. Parhami, Computer Arithmetic: Algorithms and
Hardware Design
o Chapter 11, Tree and Array Multipliers

* Note errata at:
* http://www.ece.ucsb.edu/~parhami/text_comp_arit.htm#errors

Multi-Operand Signed Addition
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Signed Multi-Operand Addition

 Thus far considered multi-operand adder structures
for unsigned addition

* Now introduce nuances involved in signed addition

Adding Two's Complement Numbers: Avoiding or
Detecting Overflow

 To avoid overflow, adding a K.L binary two's complement
number to a K.L two's complement number results in a
(K+1).L number. To compute, sign extend MSB, ignore ¢y,
Example: OA0111.01 +  — =4, L2
00110.10 =
GL

e e~ 50110111

o |f result is confined to a K.L number, need overflow
detection, which is the ¢, xor c,_, (see previous lecture)
Example: 0111.01 +

¢« XOR ¢y, indicates overflow 0110.10 =
T 01101.11




Adding Two's Complement Numbers: Avoiding
Overflow in VHDL

¢ Sign extend input values, then add and ignore final carryout

(CK+1)

Example:  [00111.01 +
Ignore ¢, _ 00110.10 =
001101.11

use | EEE. STD LOG C_SI GNED. al | ;
entity adder_signed_carryout is
port(
a:in STD_LOGIC_VECTOR(1 downto 0);
b:in STD_LOGIC_VECTOR(1 downto 0);
sum: out STD_LOG C VECTOR(2 downto 0));

end adder_signed_carryout;

architecture arch of adder_signed_carryout is
signal tenpsum: std_logic_vector(2 downto 0);

begin
tenpsum <= (a(1) & a) + (b(1) & b); -- sign extend before addition
sum <= tempsum;

end arch;

Adding Multiple Two's Complement Numbers

» When adding two numbers, must sign-extend to final result's
width, then add together using adder techniques

* When adding multiple numbers, must sign-extend to final
result's width, then add together using adder techniques
* This can dramatically increase size of carry-save adders

Extended positions  Sign Magnitude positions
Kpe—1 Kot Kp—t Kb Xpe1 Xp—1 Xp—2 X3 Xk~ -~
Yi—1 Y1 Yk Ye—1 Yi—1 Vi1 Ye—2V—3YVk—a- -
Zh—12k—1 Lh—1%k—1 Zh—1 Zk—1 Ep—22k—3%k—4" -

- J
Y

sign extend to final width (requires more adder bit s)




Two's Complement using “Negative Weight"

k-2
X = _Xk_lzk—l + ZXI mi
i=—l
* Recall atwo's complement number can be represented by
the above equation, a "negative weight" representation

» Example: (10011), = (-13),, (01001), = (9):,

- 24 23 22 21 20

1 00 1 1
=-24+21+20=-16+2+1=-13
10 0 1
+20=8+1=9

0
=23 +2

Two's Complement Sign Extension Using "Negative
Weight" Method

*  Tosign extend a k-bit number by one bit
*  First step: Instead of making the MSB have a weight of -1, consider that the digit has a value of -1
¢ Does not "exist" hardware, just for notational purposes
*  Second step: Apply the equation x;= (1 —Ixl) + 1-2=x+1-2, where x/ = NOT x;
. Lr:)ﬁlrrigri]nﬁl representation, complement the sign bit, add one to sign bit column (column k-1) , add negative one to

o Third step: Now remap the new sign bit such that the weight is -1
24 28 22 21
-1 00 1 1
=-24+21+20=-16+2+1=-13
25 24 28 22 2t N
-1 0 00 1 1
+1
=-25+24+21 +20=-16+2+1=-13
_25 24 23 22 21 20
1 1 00 1 1
=25 F24 2V #2909 =-16+2+1=-13 10




Multi-Operand Sign Extension using "Negative
Weight" Method

---------- Extended positions ---------- Sign  Magnitude positions ---------
1 1 1 1 0 Xiq' Xi_o X3 Xia
Ve, Yz Yis Yi-a
Za Lo ZLes Zy s
1

o Apply the equation x;= (1 - Ixl) + 1 -2 =x{" + 1 -2, to all three numbers
*  Complement the three sign bits
¢ Add three +1 values to the k-1 column
¢ Add three -1 values to the k column
One -1 value from the k column and two +1 values from the k-1 column eliminate each other
¢ This leaves two -1 values in k column, one +1 value in the k-1 column
e  Two -1 values from the k column become
¢ One -1 value in the k+1 column
¢ One 0 value in the k column
*  One -1 value in the k+1 column becomes
¢ One -1 value in the k+2 column
¢ One +1 value in the k+1 column
*  Continue moving left until you reach the new MSB

¢ When have final -1 value in the new MSB column (in this case, k+4) "re-map" the new sign bit such that it's weight
is -1

¢ The -1in the MSB now becomes a 1

Multiplication
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® At least one good reason -
for studying multiplication and division is that

there is an infinite number of ways

of performing these operations

and hence there is an infinite number of PhDs

(or expenses-paid visits to conferences in the USA)

to be won from inventing new forms of multiplier.*®

Alan Clements
The Principles of Computer Hardware, 1986

Multiplication Output Range

* Multiplication: Ax B = C, A = K.L number, B =M.N number
* Unsigned multiplication
o K.LxM.N = (K+M).(L+N) number
e 1.3x1.4=27number
o Example:
+ Binary: 1.101 x 1.1001 = 10.1000101
e Decimal: 1.625 x 1.5625 = 2.5390625
¢ Signed multiplication (two's complement)
o K.LxM.N = (K+M).(L+N) number
¢ 1.3x1.3=2.6number

* Example:
e Binary: 1.000 x 1.000 = 01.000000
e Decimal: -1x-1=1
e Binary: 0.111x0.111 = 00.110001
¢ Decimal: 0.875 x 0.875 = 0.765625
e Binary: 1.000x 0.111 = 11.001000

e Decimal: -1 x- 0.875=-0.875
* NOTE: Only need K+M integer bits when A and B are their most negative allowable
values

* |f Aand B can be restricted such that they do not reach most negative allowable values, then
only need K+M-1 integer bits, i.e. output results is (K+M-1).(L+N)

+—This"is-a-useful trick often-using-in DSP-systems to reduce wordlengths!




Multiplication of signed and unsigned numbers (1)

LIBRARY ieee; i i i i
USE ieee.std_logic_1164.all; Since using both signed and unsigned data types,

USE i eee.std | ogic arith.all; < don’t use std_logic_unsigned/signed. Do all

entity multiply is conversions explicitly.
port(
a:in STD_LOGIC_VECTOR(15 downto 0);
b :in STD_LOGIC_VECTOR(7 downto 0);
cu:out STD_LOGIC_VECTOR(23 downto 0);
cs :out STD_LOGIC_VECTOR(23 downto 0)

);.

end multiply ‘\

SliElimEbITe S vy ol il o VHDL and hardware does not care about the
SIGNAL sa: SIGNED(15 downto 0); binary point. Itis up to the user to keep
SIGNAL sb: SIGNED(7 downto 0); track of where the binary point

SIGNAL sres: SIGNED(23 downto 0); is in the input and output.

SIGNAL ua: UNSIGNED(15 downto 0);
SIGNAL ub: UNSIGNED(7 downto 0);
SIGNAL ures: UNSIGNED(23 downto 0);

Multiplication of signed and unsigned numbers (2)

begin

-- signed multiplication
sa <= SIGNED(a);
sb <= SIGNED(b);
sres <=sa *sb;
cs <= STD_LOGIC_VECTOR(sres);

-- unsigned multiplication
ua <= UNSIGNED(a);
ub <= UNSIGNED(b);
ures <=ua *ub;
cu <= STD_LOGIC_VECTOR(ures);

end dataflow;




Notation

a Multiplicand 88 ... 88

X Multiplier %1 X2 - - - X Xo

p Product (@X) Py.1Pokz2- - - B P1 Py

If multiplicand and multiplier different sizes, usually multiplier is the
smaller size

Multiplication of Two 4-bit Unsigned
Binary Numbers in Dot Notation

=]
x ® e ® ® ¥

Partial ProductO@ Xp a 2 ()

Partial Product 1 X a 2 I

Partial Product 2 X2az 2
Partial Product 3@ X3 a2 3

'I'I."I"I'Ip

Number of partial products = number of bits in multiplier x
Bit-width of each partial product = bit-width of multiplicand a




Basic Multiplication Equations

k-1
p =a“x X=D X; 2!
i=0

k-1

p:an:Z alx 2 =

i=0

= xa2 + x,a2 + x,a2 + ... + x_,ax?!

Unsigned Multiplication

a, a; a, a; A,
X Xy X3 Xo X4 Xo
0f
ax, 2 i Xy AgXy A,Xy a;Xy ApXp
1
ax, 2 N a,X; azX; a,X; a,X; agX;
2|
3
axg 2 i X3 AzXy AyX3 A;X3 QpXj
ax, 241 ayX, agX, X, a;X, agX,
Po Ps Pz Ps Ps Py Pz P2 P11 Po

20




Tree Multiplication
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Multiplication Architectures

Several
multiples

Small CSA
tree

Partial|product

L]
Adder

Next

All multiples
multiple

. High-radix
binary Speed up partial tree Econowize tree

Area

22




Full Tree Architecture

Designs are distinguished by L

variations in three elements: 5
g Multiple- a
! Forming b
Circuits a

1. Multiple-forming circuits ———*._ L F—F—

Partial-Products
Reduction Tree

2. Partial products reduction tree | (Multi-Operand
Addition Tree)

3. Redundant-to-binary converter

-1 "Some lower-order
product bits are
product bits generated directly

23

Tree Adder Components

* 1: Multiple Forming Circuits
* In binary multipliers, these are AND gates (i.e. a AND x)
* In signed Booth multipliers, these are Booth recoding blocks
* These circuits create partial products ready to be summed
o 2: Partial Products Reduction Tree
e This is usually a carry-save tree (i.e. Wallace, Dadda)
* Produces a "redundant" result (i.e. carry and save outputs)
 Some lower bits produced directly
¢ 3: Redundant-to-Binary Converter

* This is usually a fast carry-propagate adder (i.e. carry and save
lines - final output sum)

24




1. Multiple Forming Circuits

Creates 5 partial products,
each requires 5 AND gates

- 25 AND gates X Xy X3 X3 X1 Xo
0
ax, 2 | Xy azXy a,Xy a; X, doXg—

ax, 2t

+ < AXy AgXy Xy Xy 8gXy >
ax, 22 < AaXo 3Ky @Ky aX; 8%, >
ax, 23 CEXs 83X X3 aXg 8gXg >

ax, 24 CEXS 85X, 8%, aX, Agxs >

P Ps Py Ps Ps Py, Pz P P1 Po

25

2. Partial Products Tree Reduction (Wallace)

o After partial products created, must sum them together
*  Wallace tree: reduce number operands as soon as possible, 4 x 4 example below

727

Wallace Tree: 2 carry-save levels, 5 FA, 3 HA, 4-bit CPA

26




2. Partial Products Tree Reduction (Dadda)

» Dadda tree: combine as late as possible while maintaining same number of carry-
save levels (tree height)

[
)

L LA

| © oj]fe|o o o]

Dadda Tree: 2 carry-save levels, 4 FA, 2 HA, 6-bit CPA

27

Wallace versus Dadda Tree

Wallace Tree Dadda Tree
(5 FAs + 3 HAs + 4-Bit Adder) (4 FAs + 2 HAs + 6-Bit Adder)
1 2 3 4 3 2 1 1 2 3 4 3 2 1
FA FA FA HA FA FA
1 3 2 3 2 1 1 1 3 2 2 3 2 1
FA HA FA HA FA HA HA FA
2 2 2 2 1 1 1 2 2 2 2 1 21
4-Bit Adder 6-Bit Adder

11 1 1 1 1 1 1 11 1 1 1 1 1 1

28




7 x 7 Multiplier

[4, 10] 5. 11] [6/, 12]

P |

7-bit CSA | | 7-bit CSA |

B, 11)\ 3, 11]

[0,6 [2, 8] [3, 9]

[2,12]

3.12] |
The index pair 10-bit CSA
[i, j] means that [3,12]
bit positions
fromiuptoj (4.13] (4,12
are involved. ’7 10-bit CPA
Ignore | [4,-13] 321 209

Different Reduction Architectures

* Tree architectures (Wallace, Dadda) are quite irregular and
can cause VLS| implementation issues

» Seek other methods for partial product reduction which have
better VLSI properties

* Two methods:

¢ 11:2 compressor (counter) method occupies narrow vertical slice
¢ Create one column, replicate side-by-side
* A carry created at level i enters level i+1
* Balanced delay tree
* 11 inputs, 2 outputs

o 4:2 binary tree

30




Slice of 11:2 Counter Reduction Tree

one column

B

>

carry
FA
Outputs

=
>

Inputs
FA FA FA
— | ’ I Level-1
1 | carries
11+y, =2y, +3 [FA |FA|
] I Level-2
Therefore, Y; =8 [ 1 | carries
carries are needed
FA | FA |
| Level-3
| carries
FA
Level-4

'I'l
>
K

Binary Tree of 4-to-2 Reduction Modules

| I I A A I A
HWL‘ | 4102 || 402 || 4t0-2 || 4-t0-2 |

CSA

4-to-2 reduction module
implemented with two
levels of (3; 2)-counters

Fig. 11.5 Tree multiplier with a more regular
structure based on 4-to-2 reduction modules.

Due to its recursive structure, a binary tree is more regular
than a 3-to-2 reduction tree when laid out in VLSI

32




Example Multiplier with 4-to-2 Reduction Tree

Even if 4-to-2 reduction Multiple Multiplicand

o . eneration
is implemented using g e j,d—,o’ ;J 7

two CSA levels, design T

™

regularity potentially
makes up for the larger O—F
number of logic levels

| >
Similarly, oy es ySay e

using Booth’s L F’Kd T 75/[

recoding may
not yield any o £

advantage, I‘I/ ;:5‘7’5
because it G 10

introduces
irregularity

Multiple selection signals

Redundant-to-binary converter

Fig. 11.6 Layout of a partial-products reduction tree composed of
4-to-2 reduction modules. Each solid arrow represents two numbers.

3. Redundant-to-Binary Converter

» Use fast adder such as:
o Carry-select
o Carry-lookahead
 Conditional-sum
* Etc.




Signed Tree Multiplication
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Two's Complement Multiplication

---------- Extended positions ---------- Sign
Xy-1 Xy-1 Xy-1 Xy-1 Xy-1 Xy-1
Yik-1 Yik-1 Yik-1 Yik-1 Yik-1 Yik-1
Zy 1 Zy 1 Zy 1 Zy 1 Zy 1 Zy

Magnitude positions ---------

X2 X3 Xy—4
Yik-2 Yk-3 Yk-4
Zy o Zy_3 Zy_4

 Recall, for two's complement multi-operand addition, must
first sign extend all partial products to result bit-width, then

add

* This can be wasteful in terms of extra full adder cells

requires
* Two solutions:

* Remove redundant full adder cells for sign extension
¢ Use "negative weight" representation = Baugh-Wooley multiplier

36




Remove redundant full adder cells for sign-
extension

Signs
Sign extensions

o oo G707 28 2% 28 58 L I8 K The difference in

BBBPBB B/X X X X X X X X  multplication is the

YYVYVYY X X X X X X X X X shifting sign positions
/

Five redundant copies  afy
removed

FA FA FA FA FA

Fig. 11.7 Sharing of full adders to reduce
T 17 T T | the CSA width in a signed tree multiplier.
1T 17T 17T 1771

* Remove redundant copies of FA cells which produce the
same result

* But also may have fanout issues for this adder

37

Two's Complement Negative Weight
Representation

38




Two's Complement Multiplication

X Xy X3 X2 Xq Xo

Py Psg P7 Ps Ps Ps P3 P, P1 Po
29 28 27 26 25 24 8 22 1 20

39

Two's Complement Multiplication

-Pg Ps P7 Ps Ps P, Ps P2 P1 Po
29 28 27 26 22 24 28 22 21 20

1=

P Pg P7 Ps Ps Ps Ps P2 P1 Po
-29 8 27 26 25 24 28 22 1 20

)




Implementing Partial Products

-Z

N N
Il

-Z
-a%=-3(1-%)=9%-3=3%+3-23

-aX=-(1-3) X =8X-X%=8X% +X-2X%

-ax=-(1-3x)=3x-1 =ax+1 -2

_aj:_(l_?):q-l :7ﬁ+1 -2
%= -(1R)=X-1 = el -2

41
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777777777777777777777777777

777777777777777777777777777

,,,,,,,,,,,,,
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azxX, @X, a;X, agX,

-1 X,

29| 28 20 26 2 24

A aXe Xy auX auXg

a,

1
Xa 83Xy Xy A1Xy agX,
1

X4

a, aXg aXy; aX; 8%

combine /
i

Xq 83Xy AX, A1Xy apX,

a,
Xy
1 a, aX3 a,X, a,X; a,X,
remap sign bit to — __ __ _ _
negative weight X4 a3X4 a2X4 a1X4 aOX4
ay




Baugh-Wooley Two’s Complement Multiplier

X Xy X3 X5 X1 Xo
X asXgh asX g ai Xgh e Xy
auX, agX, a,X, 81X, 8gX,
auX3 8gXz a,X3 81Xz ApXs
1 74 X4
Ps Pg P7 Ps Ps Ps Ps3 P, P1 Po
229 8 Q7 26 25 24 23 22 1 920

Modified Baugh-Wooley Two's Complement

Multiplier

* Apply the equationx. = (1-1Ix[)+1-2=x"'+1-2,
where x;' = NOT x,

%




X3 AuXy 84Xy AyXg

47

axX, aX, a;X, a X,




29 28 27 26 25 24

-1 1
combine asX, a,X, a;X, aApgXy
-1 1
/ azX, a,X, a;x, agX,
-1 1

X3 AgXy 84Xy AyXg

azX, aX, a;x, a,X,

remap sign bit to 1 1
negative weight 1
29

49

Modified Baugh-Wooley Multiplier

A, a4z a,

X Xy X3 X5

1 1

P Psg P7 Ps Ps Ps Pz P2
29 28 27 26 25 24 8 22

P1
21

Po
20

50




Array Multiplication
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Array Multipliers

 Note that CSA-based partial product reduction trees
are irregular and sometimes introduce difficulty in
VLS| implementation (wiring, placement, etc.)

* One alternative is array multiplier
o "Slower" in terms of number of logic levels

* But very nice in terms of VLSI implementation
(wiring, placement, etc.)

52




Basic 5 x 5 Unsigned Array Multiplier

Ripple-Carry Adder

o (Critical path is longer

* For M-bit multiplier and M-bit multiplicand, critical path passes through
approximately (M - 1) + (M -1) full adder cells

¢ Also good for computing ax +y
* Replace zero on top CSA with y
¢ Helpful for inner product calculations and multiply-accumulate functions

53

5 X 5 Array Multiplier

) i azx ) i 2% () i dx g i q
‘ Po
azx g e N >
NN 1 LlJ\ | LlU\
ERY A XA AN
S D > "
17X 2 X Ll(]X'j
A TARAY!
\, pz
4305 4w _ » g
llz. LlJ\_" l'l(]\ g
S AN A TAY
azxy _? P;
’ doX X g apx -L\
T"NaY MY MY uY
</ -

Qe
Py \Pg P, Pe Ps
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Array Multiplier Basic Cell

Cout S

55

Baugh-Wooley Two’s Complement Multiplier

X Xy Xj X2 Xq Xo

auX, agX, A,X, 81X, agX,
a4X3 AgX3 X3 A;X3 ApX3

1 74 X 4

Po Psg P7 Ps Ps P, Pz P2 P1 Po
_29 28 27 26 25 24 23 22 21 20

56




Modifications in 5 x 5 Array Multiplier

*  Shaded cells indicate
additional cells for Baugh-
Wooley ajxg 0 azxg 0 axxg 0 axg 0 agig

When sum logic longer delay
than carry logic, critical path
goes through diagonal then
along last row

» Can reduce this by causing
some sum signals to skip
rows

¢ These are shown as curved
arcs in figure

57

Array Multiplier — Modified Basic Cell

A
S-1 G
Py Xn
AND gate *
included in
basic cell ) — FA
Citq S

58




5 x 5 Array Multiplier with Modified Cells

RN

i\gi

[
[
[

] =] = =
3 = =

- B - =

& 'Y = S

FarArarE

L1 |
I |
ANNANEN
ENINENY

R o
Py
pc) ps P prj Ps

Pipelined 5 x 5 Multiplier




Squaring
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Optimizations for Squaring (1)

Multiply x by x

]
*a¥y ¥a¥3
XpXy X3y HpXy

XaXg X3Xg XpXp |X1¥g
Xp*1
XXy Xj¥X3 XgX3 Move
Lo next
column

*pXg
Reduce
o X

Reduce the bit matrix

Ea¥y Fyg¥py ¥g¥q
X 25595
2

*4%g
*3xy

3 2 1

*q X3 20 *
*3¥Xg ¥p¥p X1%p -
xp¥g 25,

%)

P, P, P, 0

62




Optimizations for Squaring (2)

X: X:
ol XX+ XX =2 %X
X; i
X% X X = %
X X; Xi X + % :2>§xj-xixj+xi:
i
— =2 %X + % (1-x) =
XX XX B
:2x&+&&

Squaring Using Lookup Tables

for relatively small values k

input=a output=a

0 0
1 1
2 4
3 9
4

16 2kwords 2k-bit each

k.1 (2%-17




Multiplication Using Squaring

_ (ahp- @y
- 4

alXx
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