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Required Reading

* B. Parhami, Computer Arithmetic: Algorithms and
Hardware Design
o Chapter 13, Basic Division Schemes

* Note errata at:
* http://www.ece.ucsb.edu/~parhami/text_comp_arit.htm#errors

Division Notation
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Notation

z Dividend
d Divisor
g Quotient

s Remainder
(s=2z-dq)

d1lok-2- - - 241 G

didher - d 0,
hlk2-- - 4 o
k23S

Division of 8-bit number by 4-bit number in dot

hotation
d Divisor 0000 q Quotient
0000 0000OCOCOGO z Dividend
0000 —q3d 23
o000 —-q,d 22 | Subtracted
o000 —q,d 21 | bit-matrix
0000 —qod 20
0000 s Remainder




Example: Unsigned Integer Division

1011 Quotient
1010({01110101
1010
00O00O0
101
1010
0111 Remainder

Decimal: 117/10 = 11 remainder 7

Note: Subtracting Unsigned Binary

Two methods: 1) Convert to two's complement, and add the complement (preferred). Must first
add extra MSB of '0'

2) Direct unsigned subtraction (shown below)

0 1 1 0 0 1
-0 -1 -0 -1 -11 -11
0 0 1 11 10 11
Exanpl e:
0110010
-0000. 1. 11
0101011




Basic Equations of Division

// z=dqg +s \\

|s|<[d]

sign(s) = sign(z)

z>0 z<0
O<s<|d| -|d|<x<0

Examples of Proper Signs to Fulfill Basic Division
Equation

Examples of division with signed operands
z=5 d=3 = g=1 s=2
z=5 d=-3 = =-1 s=2
z=-5 d=3 = g=-1 s=-2
z=-5 d=-3 = g=1 s=-2

Magnitudes of q and s are unaffected by input signs
Signs of g and s are derivable from signs of z and d




Unsigned Integer Division Overflow

* Must check overflow because obviously the quotient g can
also be 2k bits.

 For example, if the divisor d is 1, then the quotient q is the dividend
z, which is 2k bits

* Condition for no overflow (i.e. g fits in k bits):
z=¢gd+s<®1)d+d=d2

z=2,2+z <d X

z,<d

Sequential Division
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Sequential Integer Unsigned Division Basic
Equations

e Division with left shifts
* There is no corresponding version with right shifts

4 0= I
=2 ¢ - g, (2¢d)
shift
 W=ks

Sequential Integer Division Justification

sW=2z-q,(2¢d)
$2=2(2 2 - ¢, (2¢d)) - q., (2 d)
9= 2(2(2 2 - @1 (2 )) - G (€ ) - G (2 )

sK=2(...22(2z-g, (2¢d)) - g, (2¢d)) - q.3(2¢d) . ..
- Qp(2¢d) =
=207 -(2d) (Qey 2+ Gp 22+ g3 2%+ L+ 2°) =
=Xz-(Xd)g=%X(z-dq)=2Zs




Examples of Sequential Division with Integer and
Fractional Operands

Integer division Fractional division
z 01110101 Zgge 01110101
AL N S 3 L
st 01110101 5O 01110101
2s(0) 01110101 26®@  0.1110101
—g32%d 1010 {gs=1} —g_,d 1010{qg_4=1}
st 0100 101 st 0100 101
25 0100101 26 0. 100101
—g,2%d 0000 {g,=0} —g.,d 0000 {g_,=0}
sl2) 1001 01 52 1001 01
2512 100101 252 1.00101
g, 2%d 1010 {g4=1} —g_,d 1010{g_4s=1}
s®) 10001 st 10001
2563 10001 253 1.0001
g 24d 1010 {go=1} —g_4d 1010{g_4=1}
si4) 0111 st 0111
s 0111 Sqge 0.00000111
q 1011 Ggae 1011

Unsigned Fractional Division Notation

Z:.. Dividend ZZ; - - ok
dq.. Divisor did, . .. dieqy di
Oq,c Quotient 94 - - - Ogep) Ak

Srac R€mainder  .000...084 - - - k1) Sak
k bits




Integer versus Fractional Division

For Integers:

z=qd+s | [P

z 22k=(q 2¥) (d 2¥) + s (2%

For Fractions:

Zfrac = qfrac dfrac + S‘frac

where o o2k _
Zirac = 2 2 Cfrac = 0 2k

dfrac =d Zk Sfrac =S 22k

Unsigned Fractional Division Overflow

Condition for no overflow:

Zfrac < dfrac




Sequential Fractional Unsigned Division Basic
Equations

[ 0=z,
SO =2d"- Q-j dfrac

2¢. Srac™ gk

\ Strac = 2. g4 J

Sequential Fractional Division Justification

S(l) = 2 arac - q-l dfrac
5(2) = 2(2 Zrac - q-]_ dfra(‘) - q—2 dfrac
S8 = 2(2(2 Fac - A1 Yad - A2Gad - Uaac

s = 2(... 2(2(2 fac ™ G dfra(‘) -0 dfrac‘) -03 dfraC' e
- Ok dfrac -
=2 Zirac ™ dfrac (ql 261 + 4> 262 + Qs R q-k20) -
=2 Zirac ™ dfrac 2¢ (ql 2+ Q. 22+ Qs T o q_k2'k) =
=2 Zirac ™ (2k dfra(‘) Ofrac = x (Zfrac B dfrac qfrac‘) =X Strac
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Restoring Division
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Restoring Unsigned Integer Division

/s«»:z

for j=1tok

if 24D-2kd>0
qj=1
s =2dD-2kd
else
O =0

\\\ SO =2 g

~

/

22




Shift/Subtract Sequential Restoring Divider

Shift

Trial difference

Ok—j
Quotient q |‘““]
LIS Load !
Partial remainder, S0 (initial value z) [*===%.___,
— AN
Shift I P
————— O] |
! Quotient
MSBof | digit
K 2s0-1) | selector
4----- o1 E
in |
e i ________________________________ 3
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Example of Restoring Unsigned Division

o __ N . ALGORITHM:

z 0111 0101 Nooverflow, since: | if MSBof 2s(0 =1
24d 1010 (0111)gys < (1010)gyg | OF COUL = 1 then set g, =1
—24d 0110

s(0 0111 0101

250 01110 101

+(=24d) 0110

s 1€ 5100 101 cout =1, so set q,=1

25t 01001 01

+(=24d) 0110

s@ 0 Uy g1 01 cout =0, so set q,=0

s@=2s" 1001 01 and restore

25l2) 1,0010 1

+(=24¢l) 0110 \

s 1000 1 MSB of 2s@ = 1, so set q,=1

2503 1«0 00 1

+(=24¢) 0110 \\

s@ 0111 MSB of 25 = 1, so set g,=1

s 0111

q 1011

24




Restoring Signed Division

* First convert the divisor and dividend into their
equivalent unsigned binary values

 Then apply the correct sign values after the division
is finished
o We will see "direct" methods of signed division later

25

Restoring Signed Integer Division

y4 d
N~ T
|z| |d] sign(z)  sign(d)
Unsigned — =
division : :
—  — sign(s) = sign(z)
lal |s]

sign(q) =

X

9 S %

( + sign(z) = sign(d)

sign(z)# sign(d)




Examples

Examples of division with signed operands
z=5 d=3 = g=1 s=2
z=5 d=-3 = g=-1 s=2
z=-5 d=3 = g=-1 s=-2
z=-5 d=-3 = g=1 s=-2

Magnitudes of q and s are unaffected by input signs
Signs of g and s are derivable from signs of z and d
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Non-Restoring Division
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Non-Restoring and Signed Division

The cycle time in restoring division must accommodate:

Shifting the registers

Allowing signals to propagate through the adder
Determining and storing the next quotient digit

Storing the trial difference, if required

Later events depend on earlier
ones in the same cycle, causing
a lengthening of the clock cycle

Nonrestoring division to the rescue!

Assume g,;= 1 and subtract
Store the result as the new PR
(the partial remainder can
become incorrect, hence
the name “nonrestoring”)

Shift

Trial difference

----------

Shift

,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Justification for Non-Restoring Division

Why it is acceptable to store an incorrect value in the

partial-remainder register?

Shifted partial remainder at start of

the cycleisu

Suppose subtraction yields the negative result u — 24d

Option 1: Restore the partial remainder to correct value u,
shift left, and subtract to get 2u — 2d

Option 2: Keep the incorrect partial

remainder u — 2kd,

shift left, and add to get 2(u — 2*d) + 2kd = 2u - 2d

30




Non-Restoring Unsigned Division

s =2z-2d
for j=2tok
if siU>0
Oy = 1

s =2 ¢ - 2 d

if sk<0
Correction step/
for remainder o

Non-Restoring Unsigned Division

EEN - PN

0
24d 01
—24¢f 10
(0 00
250 /0 1
+H=2%) 1 0
s 00
250 /0 1
+H=2%) 1 0
(2 1 1
252 1 1
+24d 0 1
s(3) 01
2503 10
+H-2%) 1 0
s 00

[EEN RN o N oo T e JESC QU SUEFAY o RUEA, SN Y
N PN o I o J IENEQUEENEN N W o J (RSN,
= OO |l0 2|20 | 0C —

No overflow, since:
(0111 )0 <(1010) 00

Always
Positive,
so subtract

Positive, so set g3=1
and subtract

Negative, so set g,=0
and add

Positive, so set g, =1

and subtract

Positive, so set gy=1

32




Partial Remainder Variations for Restoring and
Non-Restoring Division

Example
(0111 010 1wo! (101 0)twe
(117hen / (10)ten

30

200

100

Partial remainder
Parial re mainder
B

+
120-72 0

si@ o

i
-128
5421

=100|

(a) Restoring (b) Nonrestoring

Non-Restoring Unsigned Division

Justification
Restoring division Non-Restoring division
s =2 4 sh =2 d)-2kd
St =24d)-2¢d = St =2 d)+ 2xd =
=4 dD-2<d =2(2¢V-2d)+ xd=

=4 ¢ 2




Non-Restoring Signed Integer Division

Correction step

z=qd+s

z=(g-1) d + (s+d)
z=qd+¢s

z=(q+1) d + (s-d)
z=q'd+s”
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Shift/Subtract Sequential Non-Restoring Divider

< Ok

MSB of
2s(71)

<o [ Quotient |-

Partial | Remainderl

—

4 k+1

Divisor Sign
add/sub

NOTE:

1. Ui and add/subtract
control determined by
both divisor sign and sign
of new partial remainder
(via an XOR operation).
Divisor sign is 0 for
unsigned division.

2. note that cout is the
complement of the sign of
the new partial remainder,
i.e. if new partial
remainder = 0, then cout =
1; if new partial remainder
=1, then cout=0

Complement of
Partial Remainder Sign
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Non-Restoring Division with Signed Operands

Restoring division

0i_; = 0 means no subtraction (or subtraction of 0)
Ok; = 1 means subtraction of d

Nonrestoring division

We always subtract or add
Itis as if quotient digits are selected from the set {1, -1}

1 corresponds to subtraction -1 corresponds to addition
Our goal is to end up with a remainder that matches the sign
of the dividend

This idea of trying to match the sign of s with the sign z, leads to a
direct signed division algorithm

if sign(s) = sign(d) then q,_;= 1 else g, ;= -1

Example: g= ...0 0 0 1...
» ...171°171
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Non-Restoring Signed Integer Division

= ~

for j=1tok
if sign(d-D) == sign(d)
=1
S =2 ¢ -2kd = 2§D - g, (2*d)
else
Oy = -1

sh'=2 gD+ 2xd=24D-q, (2d)

Correction_step

Q: BSD_2's_comp_conversion(q); /

38




BSD - 2’s Complement Conversion

d=(01%2- -9 %doasp=

= (El Pr-2- - - B Po 1)2’3 complement

where Example:
9 | p Ossp 1-111
-1 0 p 1011
11

q2’scomp @111 =011
/

no overflow if g, =Py (O Z Cn)

39

Quotient Conversion and Final Correction

—d
Partial remainder variation d XZ/\ A =
and selected quotient e \
digits during nonrestoring o ./ N~ /o .
division with d > 0 )

Quotient with digits -1 and 1 -1 1

Replace ~1s with Os

0 1 0 0 1 1
Shift left, complement MSB, R A
and set LSBto1togetthe 1 1 0 0 1 1 1

2's-complement quotient
Check: -32+16-8-4+2+1=-25=-64+32+4+2+1

1 1 0 1 0 0 0

Final correction step if sign(s) # sign(z):
Add d to, or subtract d from, s; subtract 1 from, or add 1 to, q

)




z 0010 0001 . . L
244 1 1001 Example of Nonrestoring Signed Division
s 0 0010 0001 .

250) 0 0100 001 sign(s©) # sign(d), Fig. 13.9
+24d 11001 so set g, = -1 and add Example of
s@ 1 1101 001 [T
25 1 1010 01 sign(s®) = sign(d), d.g. Pl
+(—24d) 0 0111 so set g, = 1 and subtract IvISion.

s@ 0 0001 01

2s@ 0 0010 1 sign(s@) # sign(d),

+24d 1 1001 so set g, = -1 and add

s 1 1011 1

2s(®) 1 0111 sign(s®) = sign(d),

+(—24d) 0 0111 so set g, = 1 and subtract

s@ 1 1110 sign(s®) # sign(z),

+(—24d) 0 0111 so perform corrective subtraction

s@ 0 0101 p= 0101 Shift, compl MSB

a _(1) %_2 i " 11011 Adda1tocorrect

1100 Check:33/(-7)=-4




