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Abstract—Thomson’s multitaper approach generates estimates
of the power spectrum by averaging individual ”eigenspectra”
obtained using a set of orthogonal window functions. The
multitaper method is designed to work with very low sample
support, typically a single snapshot of data, making it very
attractive for the analysis of nonstationary or transient signals.
This paper explores the use of the multitaper approach for
spatial spectrum estimation in passive sonar. Several examples
are given, and the problem of processing non-planewave signals
is briefly discussed using an example motivated by a deep water
propagation experiment.

I. I NTRODUCTION

Adaptive array processing algorithms facilitate the detection
and localization of quiet sources by nulling out noise and
interference. Most adaptive processors rely on time averages
to generate the statistics (usually a sample covariance matrix)
required for weight vector calculations. When the inputs are
non-stationary, the processor has fewer time snapshots to work
with, and the result is often substantial degradation in perfor-
mance. Low sample support is a significant problem for the
large aperture arrays currently used in passive sonar [1]. The
signals recorded on arrays in the ocean can be non-stationary
for a variety of reasons, including source and/or receiver
motion, environmental fluctuations, and transient excitation of
sources.

The multitaper method, formulated by Thomson for non-
parametric spectral estimation [2], is designed to work with
low sample support. Multitaper estimates are often formed
using a single snapshot of data. Thomson’s basic idea is to
apply a set of orthonormal tapers (windows) to the data and
then average the spectra obtained with these windows. Aver-
aging over different tapers reduces the variance of the spectral
estimate, in the same way that averaging over snapshots in the
conventional Welch-Bartlett approach [3] reduces the variance.

While the multitaper method has been used extensively in
geophysical time series analysis, very few researchers have ap-
plied it to the spatial spectral estimation problem. Drosopoulos
and Haykin used a multitaper approach to solve a low-angle
tracking radar problem [4]. In a series of papers Clark, Scharf,
and Mullis investigated quadratic estimators of the frequency-
wavenumber spectrum, including a multidimensional version
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of the Thomson estimator [5], [6], [7]. Liu and Van Veen
combined the multitaper method with the minimum variance
method [8]. Their approach requires estimation of a covariance
matrix, thus it requires more snapshots than the standard
multitaper implementation. Onn and Steinhardt consideredthe
problem of detecting a sinusoid at a known frequency and
unknown direction of arrival using a small set of sensors [9].

This paper investigates the application of multitaper method
to the passive sonar problem. The following section presents
a framework for multitaper array processing and discusses the
detection of planewave components. Section III describes the
performance of the multitaper processor using several exam-
ples, including one that illustrates the problem of processing
non-planewave signals. Section IV concludes the paper.

II. M ULTITAPER ARRAY PROCESSING FRAMEWORK

In addition to Thomson’s seminal paper from 1982, a
number of other sources describe the multitaper method. The
textbook by Percival and Walden is an excellent introduction
to multitaper spectral estimation [10]. The book chapter by
Drosopolous and Haykin provides a tutorial on using mul-
titaper methods for radar applications [4]. For a condensed
overview of the multitaper method, see the recent article by
Thomson [11].

A. Beamspace interpretation of a multitaper processor

From an array processing perspective, the multitaper ap-
proach consists of a beamspace processor followed by a
weighted averaging operation. Figure 1 shows a basic frame-
work for multitaper processing of narrowband sonar recep-
tions. First, the data is passed through a processor that projects
the data into several orthogonal beams centered around the
angle of interestθ. The beamspace is defined by the set of
orthogonal weight vectors contained in the matrixW. The
kth weight vector is the array response vectorv(θ) multiplied
by a window (taper)uk, i.e.,

wk(θ) = uk ⊙ v(θ), (1)

where ⊙ represents the Hadamard product (element-wise
multiplication) of the two vectors. The columns ofW are
orthogonal, assuming that the set of tapers are chosen to
be orthogonal. Thomson suggests using the discrete prolate
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Fig. 1. Multitaper array processing framework. The multitaper approach
projects the narrowband pressure field data into an orthogonal beamspace
and computes the spectral estimate by averaging over the beam outputs. An
iterative algorithm is used to remove planewave (line) components.
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Fig. 2. Beam response (spatial frequency response) of four discrete prolate
spheroidal sequence tapers as a function of the cosine of theangle. The tapers
are designed for a 128-element equally-spaced array.

spheroidal sequences (DPSS) since they are designed to max-
imize the power concentrated in a narrow angular region.
Figure 2 shows the beam response (spatial frequency response)
of a set of four DPSS tapers as a function of the cosine of
the angle. The dashed lines in the plots indicate the width of
the angular region the tapers are designed to sample. Given a
desired beamwidth, the number of tapers guaranteed to have
good sidelobe characteristics is limited, thus the multitaper
approach uses only these tapers.

The output of the narrowband beamspace processor de-
signed withK tapers is theK-dimensional vectorq:

q(θ, Ω) = WH(θ)p(Ω). (2)

To compute an estimate of the spatial spectrum, the multitaper
processor averages the outputs of the beamspace processor,
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Fig. 3. Multitaper spatial spectrum for a planewave at broadside (u=0) with
SNR of 30 dB estimated using a 128-element array with half-wavelength spac-
ing. The plot compares the non-adaptive and adaptive multitaper estimators.

i.e., the estimate is

SMT (θ) =

K∑

k=1

αk|qk(θ)|2, (3)

where αk is the weight given to thekth beam output. The
weights can be set to1

K
for a simple average or determined

adaptively. See Thomson’s paper [2] for an explanation of
the adaptive weight calculation. Figure 3 compares the output
of the non-adaptive and adaptive multitaper estimators foran
environment containing a single planewave source at broadside
in a background of white sensor noise. The array has 128
elements with half-wavelength spacing, and the estimate was
generated using the four DPSS tapers shown above. Note that
choosing the beamwidth of the multitaper processor requires a
tradeoff of resolution and variance,i.e., using a large number
of tapers yields a significant reduction in variance with a
corresponding reduction in resolution. Figure 3 illustrates how
the adaptive weighting can significantly reduce the sidelobes
associated with a loud source by applying a data-dependent
weighting to the tapered spectral estimates.

B. Detection of planewave components

Equation 3 provides an estimate of the continuous spatial
spectrum, but as Thomson suggests, line components need
to be estimated separately. In the passive sonar problem,
line components correspond to planewave arrivals. These can
be estimated using a linear regression on the output of the
beamspace processor. Drosopoulos and Haykin discuss the
detection of line components in detail for a radar problem [4].
To work with sonar data, where the signal is typically modeled
as complex Gaussian, these techniques must be extended.
The CFAR subspace detection scheme developed by Jin and
Friedlander provides a useful framework for analyzing and
implementing planewave detectors [12].

Consider a received signal consisting of a single planewave
plus noise:

p = b̃v(θ) + n. (4)
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Fig. 4. Detection performance as a function of SNR and the number of tapers.
Results shown are for a 128-element array with half-wavelength spacing. The
detector uses a single snapshot and the false alarm probability is fixed at
0.001.

The output of thekth filter steered towardsθ is:

qk(θ) = wH
k (θ)p = b̃µk + wH

k (θ)n, (5)

whereµk is the DC component of thekth taper:

µk =

N∑

n=1

uk(n). (6)

In this case the output of the beamspace processor is

q(θ) = WH
beam

(θ)p = b̃µ + noise.

Linear regression yields a simple estimate of the complex
amplitudeb̃:

b̂(θ) = (µH
µ)−1

µ
Hq(θ). (7)

Based on Jin and Friedlander’s results, a CFAR statistic for
detecting the presence of a single planewave in noise is

qHPµq

qHPorthq
∼ F statistic, (8)

wherePµ is the projection matrix for the subspace spanned
by the vectorµ and Porth represents the projection into the
orthogonal subspace:Porth = I − Pµ. If additional data are
available, the test statistic can be averaged overL snapshots:

∑
l q

H
l Pµql∑

l q
H
l Porthql

. (9)

Figure 4 shows the probability of detectionPD versus SNR
for a false alarm rate of 0.001 and varying numbers of tapers.
Note that for this single planewave case, increasing the number
of tapers improvesPD up to a point. Beyond eight tapers,
performance doesn’t improve much since the higher tapers do
not sample the center of the band (the angle associated with
the planewave) very well.

An iterative scheme is useful for detecting low-level
planewave components in the presence of loud interferers. As
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Fig. 5. Example of iterative detection of planewave components. The plots
show results for a 128-element array with half-wavelength spacing. Two
planewaves with SNR’s of 20 dB and -10 dB relative to the whitenoise floor
are incident on the array. With no planewave detection, the output spectrum
is the blurred peak shown in the top plot. The results of the first detection
iteration (shown in the middle plot) indicate that the strong planewave is
detected. After the second detection iteration (bottom plot), both planewaves
are visible.

shown in Figure 1, the planewave signals are estimated and
removed after one pass through the beamspace processor. The
residual signal is fed back through the beamspace processor
again, and the planewave detection/estimation algorithm is
repeated. Figure 5 illustrates the output of the multitaper
processor after each iteration when the input signal consists
of two closely-spaced planewaves. For this simulation the
array has 128 elements with half-wavelength spacing. The
two sources have different power levels: the first has 20 dB
signal-to-noise ratio (SNR) with respect to the white noise
floor and the second has -10 dB SNR with respect to the
noise floor. As Figure 5 shows, when no planewave detection
is implemented, the sources appear as a blurred peak in the
output spectrum. After the first iteration, the strong source
is detected, but the weak source still appears to be blurred.
After the second iteration, both the strong and weak sources
are clearly visible in the output.

III. E XAMPLES

This section compares the performance of the multitaper
processor to a standard adaptive beamformer, and briefly dis-
cusses the modifications necessary to process non-planewave
signals.



A. Multitaper versus Minimum Power Distortionless Response

Figure 6 compares the performance of the multitaper pro-
cessor with the performance of the standard minimum power
distortionless response (MPDR) processor for a complicated
simulation example. The MPDR weight vector is defined as

wMPDR(θ) =
R̂−1v(θ)

v(θ)HR̂−1v(θ)
. (10)

R̂ is the sample covariance matrix of the received pressure

R̂ =
L∑

l=1

plp
H

l + γI, (11)

wherepl is thelth data snapshot andγ is an optional diagonal
loading parameter (needed to stabilize the inverse). See the
text by Van Trees for a thorough description of the MPDR
approach [13].

In this example, the array consists of 128 elements with half-
wavelength spacing. The environment contains one moving
source and 13 stationary interferers. The moving source hasa -
10 dB SNR with respect to the white noise floor; the stationary
interferers have varying power levels. Note that the interferers
located near endfire (four near forward endfire and four near
aft endfire) are perfectly coherent. Each processor uses 4
snapshots to compute its estimates. The MPDR processor
requires diagonal loading to stabilize the inversion of its
sample covariance matrix1. Figure 6 shows that the multitaper
processor produces spatial spectra with significantly lower
variance than the MPDR processor. As a result the low-level
moving source is easier to see in the multitaper output than it
is in the MPDR output. In addition, the multitaper processor
handles the coherent sources without a problem, whereas the
MPDR processor nulls out some of the coherent signal compo-
nents. While forward-backward averaging can help the MPDR
processor with coherent sources, this would require additional
computation that the multitaper approach does not require.As
Figure 6 illustrates, the multitaper processor performs very
well for a long array using only a few snapshots.

B. Application of multitapering to non-planewave sources

In some underwater environments the arriving signal is
better described as a sum of the propagating modes of the
waveguide than as a sum of planewaves. Consider a simulation
example motivated by the SPICE04 experiment [14]2. The top
plot in Figure 7 shows the reception at 1000 km range due
to a transient source with a center frequency of 250 Hz. As
is typical in deep water, the early-arriving energy corresponds
to the higher modes and the late-arriving energy corresponds
to the lower modes. The lower plot in Figure 7 shows
the planewave detection statistic for the multitaper processor
designed for the 250 Hz bin. Based on this plot, the early part

1A reasonable loading level was used; no attempt was made to optimize
the choice of loading level.

2The array configuration for the simulation does not match theSPICE04
experiment exactly. Specifically, the sensor spacing for the simulation has
been adjusted to half-wavelength to eliminate grating lobes.

of the arrival pattern consists of the sum of two planewaves
whose angle changes as a function of time. This is consistent
with the WKB approximation, which says a mode can be
thought of as the sum of an up- and a down-going planewave
(see Figure 8 showing the shape of mode 40 as a function of
depth). While WKB theory works well for the higher order
modes, it typically breaks down for the lower modes, which
is why the multitaper display for the later part of the arrival
pattern is more difficult to interpret. Since the low modes
cannot be written as the sum of up/down-going planewaves,
the multitaper detector must be modified to accurately detect
these signals.

IV. SUMMARY

This paper applied Thomson’s multitaper method to the
passive sonar problem. As the example in Section III-A
demonstrated, the multitaper processor can reliably detect low-
level planewave arrivals in a complicated background contain-
ing coherent and incoherent interference sources. Additional
work is ongoing to adapt the multitaper method to process non-
planewave signals, such as those recorded during SPICE04.
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(a) Multitaper processor output.
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Fig. 6. Comparison of the outputs of narrowband multitaper and minimum power distortionless response processors for a complicated scenario containing
one moving source and 13 stationary interferers. The array consists of 128 elements with half-wavelength spacing. The color images show the estimated
spatial spectra for 100 different trials, and the line plotsat the bottom of each figure show the results for the 100th trial.
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simulation environment.


