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Abstract—Thomson’s multitaper approach generates estimates of the Thomson estimator [5], [6], [7]. Liu and Van Veen
of the power spectrum by averaging individual "eigenspecta”  combined the multitaper method with the minimum variance
obtained using a set of orthogonal window functions. The method [8]. Their approach requires estimation of a covasa
multitaper method is designed to work with very low sample trix. th it . hots th th tandard
support, typically a single snapshot of data, making it very MatriX, thus it requires more shapshots than the standar
attractive for the analysis of nonstationary or transient sgnals. Multitaper implementation. Onn and Steinhardt considéred
This paper explores the use of the multitaper approach for problem of detecting a sinusoid at a known frequency and
spatial spectrum estimation in passive sonar. Several exates ynknown direction of arrival using a small set of sensors [9]
are given, and the problem of processing non-planewave sigls s haner investigates the application of multitaper radth
is briefly discussed using an example motivated by a deep wate h : bl he followi .
propagation experiment. to the passive sonar problem. The fo owing section present

a framework for multitaper array processing and discudses t
. INTRODUCTION detection of planewave components. Section Il describes t
performance of the multitaper processor using several exam
I,Hes, including one that illustrates the problem of protegs
&on—planewave signals. Section IV concludes the paper.

Adaptive array processing algorithms facilitate the diébec
and localization of quiet sources by nulling out noise al
interference. Most adaptive processors rely on time aesra
to generate the statistics (usually a sample covariancexnat
required for weight vector calculations. When the inputs ar
non-stationary, the processor has fewer time snapshoterfo w In addition to Thomson’s seminal paper from 1982, a
with, and the result is often substantial degradation irfiqper number of other sources describe the multitaper method. The
mance. Low sample support is a significant problem for textbook by Percival and Walden is an excellent introdurctio
large aperture arrays currently used in passive sonar fi§. Tt0 multitaper spectral estimation [10]. The book chapter by
signals recorded on arrays in the ocean can be non-statiorldrosopolous and Haykin provides a tutorial on using mul-
for a variety of reasons, including source and/or receivéifaper methods for radar applications [4]. For a condensed
motion, environmental fluctuations, and transient exicitabf overview of the multitaper method, see the recent article by
sources. Thomson [11].

The multitaper method, formulated by Thomson for non- ] ] ]
parametric spectral estimation [2], is designed to workhwit™ Beamspace interpretation of a multitaper processor
low sample support. Multitaper estimates are often formedFrom an array processing perspective, the multitaper ap-
using a single snapshot of data. Thomson’s basic idea ispimach consists of a beamspace processor followed by a
apply a set of orthonormal tapers (windows) to the data amgighted averaging operation. Figure 1 shows a basic frame-
then average the spectra obtained with these windows. Avemrk for multitaper processing of narrowband sonar recep-
aging over different tapers reduces the variance of thetispections. First, the data is passed through a processor thigtcpso
estimate, in the same way that averaging over snapshots intlile data into several orthogonal beams centered around the
conventional Welch-Bartlett approach [3] reduces theavare. angle of interest). The beamspace is defined by the set of
While the multitaper method has been used extensively dnthogonal weight vectors contained in the mati&. The
geophysical time series analysis, very few researcheesdyav kth weight vector is the array response veot¢#) multiplied
plied it to the spatial spectral estimation problem. Drasdps by a window (taperuy, i.e.,
and Haykin used a multitaper approach to solve a low-angle
tracking radar problem [4]. In a series of papers Clark, §cha wi(0) = up © v(0), 1)

and Mullis investigated quadratic estimators of the fremye where © represents the Hadamard product (element-wise

wavenumber spectrum, including a multidimensional versio_ .. .~ ..
P 9 multiplication) of the two vectors. The columns & are

Work supported by an Office of Naval Research Young Invettigaward OrthOgonaL assuming that the set Of. tapers e}re chosen to
(N00014-05-1-0639). be orthogonal. Thomson suggests using the discrete prolate
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Fig. 1.  Multitaper array processing framework. The muyfiia approach -10f I
. h . y i -
projects the narrowband pressure field data into an ortledgbeamspace ¥ g it
and computes the spectral estimate by averaging over thra bagputs. An —20¢ ' 5':
iterative algorithm is used to remove planewave (line) congmts. 30/ ! !
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Fig. 3. Multitaper spatial spectrum for a planewave at bsadel (u=0) with
SNR of 30 dB estimated using a 128-element array with halfelemgth spac-
ing. The plot compares the non-adaptive and adaptive it estimators.

i.e., the estimate is
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Spatial response of tapers 3 and 4 where o, is the weight given to theéith beam output. The

weights can be set t% for a simple average or determined
adaptively. See Thomson’s paper [2] for an explanation of
the adaptive weight calculation. Figure 3 compares theudutp
of the non-adaptive and adaptive multitaper estimatorsafor
environment containing a single planewave source at bidads
in a background of white sensor noise. The array has 128
elements with half-wavelength spacing, and the estimate wa
generated using the four DPSS tapers shown above. Note that
—40 2005 0 0.05 choosing the beamwidth of the multitaper processor requre

cos (theta) tradeoff of resolution and variancee., using a large number

of tapers yields a significant reduction in variance with a
Fig. 2. Beam response (spatial frequency response) of fiearede prolate P y 9

spheroidal sequence tapers as a function of the cosine aftjle. The tapers corresponding re.dU(_:tion in re.50|l_J'Fi0n- Figure 3 i”USiEa].t‘OW
are designed for a 128-element equally-spaced array. the adaptive weighting can significantly reduce the sidetob

associated with a loud source by applying a data-dependent
weighting to the tapered spectral estimates.

§p_hermdal sequences (DPSS) since they are designed to.ngj.‘xbetection of planewave components
imize the power concentrated in a narrow angular region:

Figure 2 shows the beam response (spatial frequency responsEquation 3 provides an estimate of the continuous spatial

of a set of four DPSS tapers as a function of the cosine #pectrum, but as Thomson suggests, line components need
the angle. The dashed lines in the plots indicate the width 6 be estimated separately. In the passive sonar problem,
the angular region the tapers are designed to sample. Givelil@ components correspond to planewave arrivals. These ca

desired beamwidth, the number of tapers guaranteed to h@eestimated using a linear regression on the output of the

good sidelobe characteristics is limited, thus the myléta Peamspace processor. Drosopoulos and Haykin discuss the
approach uses only these tapers. detection of line components in detail for a radar problein [4

The output of the narrowband beamspace processor d@.work with sonar d_ata, where the signal is typically modele

signed withK tapers is thei -dimensional vectory: as complex Gaussian, thes_,e techniques must be ext_ended.

The CFAR subspace detection scheme developed by Jin and
Friedlander provides a useful framework for analyzing and

q(6,9) = W7 (0)p(Q). (2)  implementing planewave detectors [12].
Consider a received signal consisting of a single planewave

To compute an estimate of the spatial spectrum, the mudtitaplus noise:
processor averages the outputs of the beamspace processor, p= Bv(@) + n. (4)
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Fig. 4. Detection performance as a function of SNR and thebsuraf tapers. o
Results shown are for a 128-element array with half-waghespacing. The RS 20t
detector uses a single snapshot and the false alarm pribpabilfixed at )
0.001. 2
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The output of thekth filter steered toward8 is: cos(8)
_ i _ 7 H
qk (9) =Wk (9)p = bpy + Wk (O)n, (5) Fig. 5. Example of iterative detection of planewave comptseThe plots
. . show results for a 128-element array with half-wavelengtiacsyg. Two
Where/“@ is the DC component of theth taper: planewaves with SNR'’s of 20 dB and -10 dB relative to the whitése floor
N are incident on the array. With no planewave detection, thtput spectrum
. 6 is the blurred peak shown in the top plot. The results of thet fietection
Hi = Z ug(n). (6) iteration (shown in the middle plot) indicate that the styoplanewave is
n=1 detected. After the second detection iteration (bottont) plwoth planewaves
are visible.

In this case the output of the beamspace processor is

q(0) = W _(0)p = bu + noise.
)r(mwn in Figure 1, the planewave signals are estimated and
removed after one pass through the beamspace processor. The
coN o H o N—1, H residual signal is fed back through the beamspace processor
b0) = (") 7 a(0). (7) again, and the planewave detection/estimation algoritam i
Based on Jin and Friedlander’s results, a CFAR statistic fapeated. Figure 5 illustrates the output of the multitaper
detecting the presence of a single planewave in noise is processor after each iteration when the input signal ctmsis
P, q of two closely-spaced planewaves. For this simulation the
Hpi‘u ~ F statistic (8) array has 128 elements with half-wavelength spacing. The
a4 Forthd two sources have different power levels: the first has 20 dB
whereP,, is the projection matrix for the subspace spannefignal-to-noise ratio (SNR) with respect to the white noise
by the vectoru and P, represents the projection into thefloor and the second has -10 dB SNR with respect to the
orthogonal subspac®.,;, = I — P,,. If additional data are noise floor. As Figure 5 shows, when no planewave detection
available, the test statistic can be averaged dvenapshots: js implemented, the sources appear as a blurred peak in the
S, ql'P output spectrum. After the first iteration, the strong seurc
19 Qi . i
ZT' (9) is detected, but the wgak source still appears to be blurred.
1 Forthdl After the second iteration, both the strong and weak sources
Figure 4 shows the probability of detectidty versus SNR are clearly visible in the output.
for a false alarm rate of 0.001 and varying numbers of tapers.
Note that for this single planewave case, increasing thebeum
of tapers improvesP, up to a point. Beyond eight tapers, [1l. EXAMPLES
performance doesn't improve much since the higher tapers do
not sample the center of the band (the angle associated witihis section compares the performance of the multitaper
the planewave) very well. processor to a standard adaptive beamformer, and briefly dis
An iterative scheme is useful for detecting low-levetusses the modifications necessary to process non-plaaewav
planewave components in the presence of loud interferess. gignals.

Linear regression yields a simple estimate of the compl
amplitudeb:



A. Multitaper versus Minimum Power Distortionless Response  of the arrival pattern consists of the sum of two planewaves

Figure 6 compares the performance of the multitaper prw_hose angle changes as a functiop of time. This is consistent
cessor with the performance of the standard minimum powdfth the WKB approximation, which says a mode can be
distortionless response (MPDR) processor for a complicatiought of as the sum of an up- and a down-going planewave

simulation example. The MPDR weight vector is defined agSe€ Figure 8 showing the shape of mode 40 as a function of
o depth). While WKB theory works well for the higher order
R1'v(0)

. modes, it typically breaks down for the lower modes, which
WMPDR(G) = = - (1 ) . . . .
v(0)ER~1v(6) is why the multitaper display for the later part of the artiva
. . ) ) pattern is more difficult to interpret. Since the low modes
L the multitaper detector must be modified to accurately detec

R = Z pp; +91, (11) these signals.

=1
wherep; is thelth data snapshot andis an optional diagonal
loading parameter (needed to stabilize the inverse). See
text by Van Trees for a thorough description of the MPD%E
approach [13].

In this example, the array consists of 128 elements withrh
wavelength spacing. The environment contains one moviwg
source and 13 stationary interferers. The moving sourcahas
10 dB SNR with respect to the white noise floor; the stational
interferers have varying power levels. Note that the ietenfs

T

IV. SUMMARY

his paper applied Thomson’s multitaper method to the
ssive sonar problem. As the example in Section IlI-A
monstrated, the multitaper processor can reliably tisee

Evel planewave arrivals in a complicated background donta

coherent and incoherent interference sources. Aduditio

rk is ongoing to adapt the multitaper method to process non
R}anewave signals, such as those recorded during SPICE04.

REFERENCES

located near endfire (four near forward endfire and four neaf; a. B. Baggeroer and H. Cox, “Passive Sonar Limits Upon INgl

aft endfire) are perfectly coherent. Each processor uses 4
shapshots to compute its estimates. The MPDR processor
requires diagonal loading to stabilize the inversion of itgy
sample covariance matfixFigure 6 shows that the multitaper

processor produces spatial spectra with significantly towe?!
variance than the MPDR processor. As a result the low-level

Multiple Moving Ships with Large Aperture Arrays,” ifProceedings
of the 33rd Asilomar Conference on Sgnals, Systems, and Computers,
pp. 103-108, 1999.

D. J. Thomson, “Spectrum estimation and harmonic amglyBroceed-
ings of the IEEE, vol. 70, pp. 1055-1096, September 1982.

P. Welch, “The use of the Fast Fourier Transform for thénestion of
power spectra,TEEE Trans. on Audio and Electroacoustics, vol. AU-15,
pp. 70-73, June 1967.

moving source is easier to see in the multitaper output than [#] A. Drosopoulos and S. Haykin, “Adaptive radar paramegstimation

is in the MPDR output. In addition, the multitaper processor

with Thomson’s multiple window method,” iAdaptive Radar Detection
and Estimation, New York, NY: John Wiley, 1991.

handles the coherent sources without a problem, whereas 8¢ m. p. Clark, L. L. Scharf, and C. T. Mullis, “Quadratic &sators of

MPDR processor nulls out some of the coherent signal compo-
nents. While forward-backward averaging can help the MPDR
processor with coherent sources, this would require amgiti )
computation that the multitaper approach does not regése.
Figure 6 illustrates, the multitaper processor performsy ve

. [71
well for a long array using only a few snapshots.

B. Application of multitapering to non-planewave sources

In some underwater environments the arriving signal iés]
better described as a sum of the propagating modes of the
waveguide than as a sum of planewaves. Consider a simulatith
example motivated by the SPICE04 experiment{1Zhe top
plot in Figure 7 shows the reception at 1000 km range dums)
to a transient source with a center frequency of 250 Hz. As
is typical in deep water, the early-arriving energy corces}s [11]
to the higher modes and the late-arriving energy correspond
to the lower modes. The lower plot in Figure 7 showB?2
the planewave detection statistic for the multitaper pssoe

designed for the 250 Hz bin. Based on this plot, the early pgrs]
1A reasonable loading level was used; no attempt was made timiog [14]
the choice of loading level.
2The array configuration for the simulation does not match SRCE04
experiment exactly. Specifically, the sensor spacing fer shmulation has
been adjusted to half-wavelength to eliminate grating $obe

the frequency-wavenumber spectrum,” Bnoceedings of the Interna-
tional Conference on Acoustics, Speech, and Signal Processing, vol. 4,
pp. 2329-2332, April 1991.

M. P. Clark and L. L. Scharf, “Frequency-wavenumber speu analysis
using quadratic estimators,” iRroceedings of the 6th SP Workshop on
Satistical Sgnal and Array Processing, pp. 416-419, October 1992.
M. P. Clark and L. L. Scharf, “Efficient frequency-wavenher spectrum
estimation using sliding time-division windows,” ifProceedings of
the 26th Asilomar Conference on Sgnals, Systems, and Computers,
pp. 1116-1121, October 1992.

T.-C. Liu and B. D. V. Veen, “Multiple Window Based Mininm
Variance Spectrum Estimation for Multidimensional Randéields,”
IEEE Trans. on Sgnal Processing, vol. 40, pp. 578-589, March 1992.
R. Onn and A. O. Steinhardt, “A multiwindow method for speim
estimation and sinusoid detection in an array environthetEEE
Trans. on Sgnal Processing, vol. 42, pp. 3006—-3015, November 1994.
D. B. Percival and A. T. Waldergpectral Analysis for Physical Applica-
tions: Multitaper and Conventional Univariate Techniques. Cambridge
University Press, 1993.

D. J. Thomson, “Jacknifing multitaper spectrum estesdt EEE Sgnal
Processing Magazine, vol. 24, pp. 20-30, July 2007.

Y. Jin and B. Friedlander, “A CFAR adaptive subspaceedtr for
second-order gaussian signal$EEE Trans. on Sgnal Processing,
vol. 53, pp. 871-884, March 2005.

H. L. Van Trees,Optimum Array Processing. New York, NY: John
Wiley and Sons, 2002.

P. F. Worcester, M. A. Dzieciuch, L. J. V. Uffelen, D. L.uBnick,
B. D. Cornuelle, and W. H. Munk, “The SPICEX (Spice Experijen
component of the 2004 North Pacific Acoustic Laboratory (NPA
experiment: An overview,” inl. of the Acoustical Society of America,
vol. 120, p. 3020, November 2006.



Multitaper processing

Time
Time

10 (s oy AT

A mer e bkl
i

A | A 1 1|
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
cos(0) cos(0)

(a) Multitaper processor output. (b) MPDR processor output.
Fig. 6. Comparison of the outputs of narrowband multitaped minimum power distortionless response processors famgplicated scenario containing

one moving source and 13 stationary interferers. The arompists of 128 elements with half-wavelength spacing. Téleramages show the estimated
spatial spectra for 100 different trials, and the line platghe bottom of each figure show the results for the 100th tria

-
- Modeshapes
i 0
600 H
— -4/
B :
= -
£ 700 -
3 1= 500t 1
-
800 -
z
-
674.5 67 675.5 676 1000 B
€
<
2
A 15001 B
m
[0]
Q
jo))
(0]
= 2000( 1
Q@
(=2}
C
<
—Md1
2500+ —Md5 ||
675 ) 675.5 676 — Md40|
Time (seconds) o1 A o1

Fig. 7. Simulation motivated by the SPICE04 experiment. T plot Fig. 8. Modeshapes for modes 1, 5, and 40 at 250 Hz for the SPICE
shows the received pressure field at a range of 1000 km fonsiéra source gjmulation environment.
centered at 250 Hz.



